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We study optimal coordination in quality-driven re-work systems, where each station contributes to an
item’s quality and the likelihood of re-work depends on these contributions through a production function.
Our model links quality targets to processing times via Brownian hitting times and aggregates quality into
re-work probability.

By setting quality targets, a planner jointly shapes processing times and re-work rates, determining overall
workload. We characterize the attainable workload region and use it to minimize effort costs in two-station
networks. The optimal policy depends on (i) complementarity versus substitutability of quality contributions,
(ii) each station’s quality impact, and (iii) relative operational costs.

We identify three operating regimes: two corner regimes (one active station) and a network regime (both
active). As complementarity increases, effort shifts toward the more cost-effective station, while finite capacity
modifies this threshold, pushing effort toward the less constrained station. The analysis highlights how
complementarity shapes efficiency trade-offs and capacity requirements.

To illustrate the model’s practical relevance, we calibrate it to industrial maintenance operations in which
equipment undergoes repair followed by preventive service while offline. The results show that the optimal

design is robust, efficient, and estimable from operational data.
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1. Introduction

Workflows are a result of a design process. The design determines the activities or tasks
to be performed and the effort exerted in each one. Once the workflow is set, one can turn
to questions that are central to queueing theory, such as the optimization of waiting time.
This paper concerns the design stage.

Our premise is that processing time and/or effort affects the quality of the outcome. A
longer processing time and better quality outputs require more capacity; however, they are
likely to reduce re-work, making the overall effect on workload more ambiguous.

Re-work imposes substantial financial and operational burdens across sectors. In man-

ufacturing and other production systems, analyses of the “cost of quality” indicate that



5-15% of sales are absorbed by quality-related costs, with internal failure costs—including
re-work—representing a major share (Schiffauerova and Thomson 2006). In asset-intensive
industries such as construction and maintenance, direct re-work costs typically account
for 4-6% of total project expenditures and can reach 12-15% in complex or poorly coor-
dinated projects, contributing to delays and cost overruns (Hwang et al. 2009, Love and
Li 2000). In healthcare, similar challenges arise: in the U.S., hospital readmissions number
about 3.8 million annually (13% of adult discharges) (Jiang and Hensche 2023), with an
average cost of $16,037 per readmission (Kum G. et al. 2024). Preventable readmissions
alone cost the U.S. healthcare system tens of billions of dollars each year—about $17 billion
in Medicare acute-care payments (Medicare and Medicaid Statistical Supplement 2007).
These figures show that re-work is widespread and costly, highlighting the importance of
understanding how design choices and effort allocation affect performance.

The output quality of a service or production process depends on an aggregation of
efforts throughout the process. The optimal coordination of efforts—for example, the one
that minimizes effort or capacity costs—depends on the efficiency of the different steps
(the capacity needed per improvement in the step’s output quality) and their effectiveness
(the impact of quality improvement in an individual step on the overall process output).

The ideas we introduce in this paper, and the questions we address, are relevant to various
processing networks where there is a clear notion of repair and maintenance activities.
In such systems, the planner must decide how much effort to allocate to each activity
(e.g., preventative maintenance). In production systems, software development, and project
management, a processing step is often followed by a quality assurance (QA) step. The more
effort allocated to the processing step, the better the quality of the product at transfer.
The operator must distribute the efforts among the stations by considering the properties
(cost, capacity, etc.) of the different steps in the process.

To study these questions we develop a model that stipulates
(A) a relationship between a targeted quality of output and the processing time, and
(B) a relationship between the quality of output—a vector that includes quality measures

for each step of the process—and the likelihood of re-work, hence the total arrival
rate.

We use a threshold model: An item is released (or transferred to the next step in the

process) when its state reaches a threshold. We capture an item’s state via a quality “score”



that serves as an aggregation of different quality measurements. The individual score evolu-
tion in each step is described as a stochastic process. The properties we focus on are hitting
time statistics—averages and probabilities—that determine processing times in each sta-
tion. The threshold—the score at which the item is released or transferred—is the design
decision. Once set, it determines the processing time distribution. This distribution—or,
distributions in plural when two stations operate—affects the arrival rate.

To introduce the baseline setting, consider the case where arrivals and service rates
are exogenous and there is no re-work. The planner decides how to distribute the total
workload w = (wy, ws) between two processing resources. Let the average service time be
normalized to one hour, and let the hourly arrival rate be A; the incoming work is therefore A
hours of work per hour. Feasibility requires that all incoming work be processed, namely
wi +wy > A, which yields a linear attainable workload region.

In our model, illustrated in Figure 1(a), the arrival rate depends endogenously on the
stations’ effort levels through the re-work mechanism, that is, A = A(w). The presence
of re-work makes the attainable workload region nonlinear. This nonlinearity reflects the
endogenous relationship between effort and workload and forms the basis for the optimiza-

tion problems analyzed in the paper.

Figure 1 A two-station model with re-work (a) and the corresponding attainable workload region (b).

(a) (b)

Re-work is needed

A
— Station1
w2
Quality score
at transfer Quality score \
at release \
. Released D |
Station2 : — — —
items pool

While there is an underlying dynamic evolution model leading to our probability of

re-work, the final outcome is a simple and practical relationship:
log(probability of re-work) = —Aggregated Quality.

We model the aggregated quality as a function that combines the quality contributions
of the different stations into a single measure, which in turn determines the probability of

re-work.



The aggregated-quality model captures the interaction between stations through their
degree of substitution or complementarity. Intuitively, when stations are substitutes, addi-
tional effort in one can compensate for less effort in the other, whereas when they are
complements, the effectiveness of one station increases with the effort devoted to the other.

We formalize these interactions in Section 4 using the constant-elasticity-of-substitution
(CES) family, a well-established framework in the economics literature for modeling the
interplay between production factors (Carvalho and Tahbaz-Salehi 2019). By varying the
CES parameters, we can flexibly represent different degrees of substitutability or com-
plementarity between stations and study how these relationships affect optimal system
design.

To the best of our knowledge, this is the first application of a CES formulation in a
service-operations setting with quality-driven re-work. Existing operations studies typically
assume additive or separable relationships between process stages, where improvements in
one step do not directly affect the marginal effectiveness of another. In contrast, the CES
structure allows us to quantitatively vary the degree of cross-station substitution and com-
plementarity, capturing nonlinear interdependencies that prior models abstract away. This
formulation bridges economic production theory with operational design, providing a uni-
fied analytical tool for studying how interdependencies across stages shape both workload
and efficiency.

Unlike in economics, where the CES function represents how inputs such as labor and
capital combine to produce output and revenue, our operational setting endogenizes these
“market” effects: the quality targets chosen at each station influence both processing times
and the probability of re-work, jointly determining total workload and cost. The CES
specification is therefore the right lens here—it captures the nonlinear way in which joint
effort across service stages translates into effective quality, while remaining analytically
tractable and interpretable. In this way, output quality—and hence the trade-off between
effort and workload—is fully internalized in our model.

Maintenance Example. The concepts of substitution and complementarity arise naturally
in maintenance and reliability settings. Consider two sequential activities within a main-
tenance process: repair followed by preventive service. Repair represents corrective actions
that restore the asset to an operational state—such as replacing a failed component, realign-

ing a gearbox, or fixing an electrical malfunction. Preventive service then takes place while



the equipment remains offline and involves inspections, lubrication, recalibration, and other
conditioning tasks that enhance long-term reliability and reduce the likelihood of future
failures. If these activities are substitutes, more extensive repair can compensate for less
preventive service effort, while thorough post-repair maintenance may delay the need for
the next repair intervention. If they are complements, the effectiveness of one depends on
the other: a well-executed repair increases the impact of subsequent preventive service,
whereas insufficient repair limits the benefit of additional preventive effort. We return to
this example throughout the paper—first to illustrate the theoretical mechanisms and later
to demonstrate how the model can be calibrated and interpreted.

We establish the following:

1. Model and workload characterization. We build our model on components (A)
and (B) above and show how the decisions—the targeted quality levels—can be
mapped to workload decisions. We then show that the workload feasibility set is con-
vex; its characterization highlights the effects of complementarity on its structure
(Figure 3).

We prove that the higher the complementarity coefficient the smaller the set of
attainable workloads. This implies, in particular, that the larger the complementarity,
the more constrained is any cost minimization problem.

2. The structure of optimal designs. We show that when minimizing processing
costs, corner solutions (where one station has zero effort and the other makes all the
effort) are never optimal as long as there exists some complementarity. Systems with
perfect substitution generally experience three operating regimes: two where only one
station works, and one, where the solution is interior, and both stations are used.

This structure stands in contrast to the well-studied problem of maximizing CES
utilities under budget constraints (see, e.g., Mas-Colell et al. 1995, Exercise 3.C.6;
Varian 2010, Chapter 4). There, with perfect substitution in the utility function, one
has only corner solutions. Because the re-work probability is a non-linear function of
the process quality, the solution space in our model is richer.

We show that whether the optimal station efforts are increasing or decreasing in the
level of substitution depends on where the cost stands relative to a “symmetry” cost

threshold. This threshold does not itself depend on the level of substitution.



3. The capacitated explicit solution. The characterization of the optimal solution
when capacity is constrained has an informative structure—the effect of complemen-
tarity on the optimal effort mix is mediated through the capacity levels. At certain
capacity levels, the “shadow-price” of the capacity level is increasing in the comple-
mentarity and for others it decreases. When there are multiple types of items that
“compete” for the limited capacity, the optimal mixture of workload in each station
changes in non-obvious ways as capacity changes.

In Appendix B, we present three variants of the base model that demonstrate
the flexibility and robustness of our results. These include processing complementarity
(Appendix B.2), where the effectiveness—the quality improvement rate—of the second
station depends on the final score from the first station; re-work within a finite time win-
dow (Appendix B.3); and quadratic cost structures (Appendix B.4). We further show that
these variants, as well as resource-sharing and throughput-maximization problems, can be
formulated and solved within the attainable workload framework.

This paper does not aim to be the final word or embody a comprehensive framework for
arbitrary networks. Rather, it is intended to advance key notions and initial results, and
showcase their usefulness through the insights they provide.

Organization. We start with a brief review of the relevant literature in §2. The single-
station model described in §3 serves as an important building block. We introduce substitu-
tion/complementarity in the two-station model in §4. This section contains the key results
of the paper as they pertain to the characterization of the attainable workload region. §5
draws on this characterization to study process optimization. §6 contains a concentrated
discussion of the operational /managerial implications of our results. In §7 we provide some
concluding remarks and suggest a few directions for future research. All proofs, model

variants, parameter estimation procedures, and calibration details appear in the appendix.

2. Literature Review

Coordinating and balancing the optimal effort of the two stations is an instance of deter-
mining the anatomy of the service: defining its parts and their interaction. The question
is one of design. Rather than taking the service content at each step as fixed, we optimize
it to meet network-level goals. The anatomy of a service refers to the collection of its

components, the content of each, and their interaction.



Our work speaks to the operations management literature on modeling and control of
service times, and to that on tandem stations with re-work.

Discretionary services. Classical models in queuing theory assume that service times
are fixed and independent of the system state. Empirical evidence, however, shows that
flexible processing times are prevalent in service, healthcare and transportation systems
(Chen et al. 2001, Staats and Gino 2012, Batt and Terwiesch 2012, Tan and Netessine
2014). Empirical studies in healthcare settings illustrate several behavioral mechanisms
consistent with these ideas. Berry Jaeker and Tucker (2017) document an “N-shaped” rela-
tionship between hospital occupancy and patient length of stay, showing that service speed
initially increases with workload but eventually declines once staff reach saturation, high-
lighting a speed—quality trade-off. Similarly, Kc and Terwiesch (2012) find that intensive
care units discharge patients earlier when occupancy is high, which increases subsequent
readmissions—direct evidence of state-dependent effort and quality-driven re-work. Such
state-dependent service times also make workload forecast difficult. Finally, Clark and
Huckman (2012) show that hospitals benefit from complementarities across related clinical
services, where cospecialization improves quality performance. Together, these studies pro-
vide empirical motivation for our modeling assumptions regarding state-dependent effort,
quality-driven re-work, and cross-stage complementarities.

Our work is fundamentally concerned with discretionary services, in which working pro-
cedures are not necessarily pre-specified; employees or management get to determine the
service time (or effort) and quality given to each customer. Hopp et al. (2007) is an early
modeling work studying a controlled queueing model that allows the operator to decide
how much time to allocate to a service. Much of the work on discretionary services concerns
single-station services (Wang et al. 2021). Here we explore the discretionary allocation of
effort across process steps/stations.

Our analysis is also related to the Brownian processing-network literature, which devel-
ops workload representations and control formulations for stochastic flow systems (Harrison
and Van Mieghem 1997, Harrison 2003). In those models, the workload is obtained as a
linear transformation of queue lengths that satisfies flow-balance constraints and serves as
a sufficient statistic for dynamic control under heavy traffic. By contrast, our attainable
workload region arises from endogenous relationships between quality, effort, and re-work,

yielding a convex workload space. Rather than modeling state-space collapse and dynamic



control, we study how these endogenous quality interactions determine the feasible work-
load configuration at the design stage and its associated cost trade-offs.

Our focus in this paper is on the design of the system to determine the baseline service
content. Our work takes a macro view of service times. We consider the initial design of
the system—the allocation of work between two stations. Our quality progression model
is not, in this paper, used to develop adaptive control for individual items but rather to
design the item-specific baseline around which further dynamic fine-tuning can be done.

Queues with re-work. Kumar (1993) studies re-entrant lines in a manufacturing setting
with several machines and buffers where items visit some machines more than once at
different processing stages. A single class M/G/1 queue with a second optional service
is studied by Madan (2000). Fluid models for re-entrant lines were analyzed by Dai and
Weiss (1996), who derived stability conditions for different scheduling policies.

Interest in queues with re-work has increased because of its instantiation in healthcare
as readmission: patients whose condition deteriorates after discharge and must return for
additional service/treatment. Shi et al. (2021) and Nambiar et al. (2020) addressed opera-
tional decision making by explicitly modeling individual patient progression. Motivated by
healthcare quality improvement interventions, Chan et al. (2024) studied control strategies
for reducing return probabilities in stylized queueing systems where customers can return
for additional service episodes. The balance and/or coordination of efforts across process
steps in a healthcare setting was studied by Armony et al. (2018) and Bavafa et al. (2022).

The mix of items in our paper is fixed and given. Our focus is on introducing a simple
but principled model of effort coordination in a multi-stage processing network. We cede
some level of granularity, relative to some papers cited above, in order to understand
substitution/complementarity and their operational role in a processing network.

We model quality evolution as a dynamic process of improvement and random deteriora-
tion; this allows us, in a tractable way, to map service-content decisions to outcomes. This
tractability stems from modeling the quality evolution as a Brownian motion (BM), char-
acterized by its mean improvement speed (drift) and variability (diffusion coefficient). The
BM formulation provides a coherent and analytically convenient representation of grad-
ual improvement and potential deterioration, linking processing-time decisions to re-work

likelihood in a unified way.



Finally, models of complementarity and substitution appeared before in the operations
management literature. Netessine and Zhang (2005) consider externalities in supply chains
and show how these depend on whether retailers’ stocking decisions are complementary
or substitutes. In our case, risk is endogenized via re-work. substitution/complementarity
between medical procedures/resources is also common Within the healthcare economic

literature (for instance, Wilson et al. 2005).

3. The Single-Station Model

For clarity, we first construct the model for a single type of items. Items arrive following a
renewal process with arrival rate A\. These are so-called “index arrivals” relative to which
re-work is measured.

The evolution of the quality score is modeled as a BM, whose drift captures the quality-
improvement rate, and its standard deviation the extent of randomness in improvement.
The model captures the dynamics of items through the network, allows us to map service-
content decisions to outcomes in a tractable way, since measurements such as processing
time and hitting probability have closed-form expressions.

The processing time depends on the discharge threshold [/, which is a design variable.
The processing time is the time it takes a positive-drift BM B; to hit a target [ starting at
a for the first visit and 0 for subsequent re-visits, with drift > 0, and diffusion coefficient
o>0:

T(a,l)=inf{t >0:B,=1| By=a}.

Once an item’s quality score reaches level [, the item leaves the station. Given a choice of

[, the expected processing time and its variance are
m(a,l) =E[r(a,)]=(—a) /0, and Var|r(a,l)]= (I —a)o®/6>. (1)

After an item is released, there is a baseline probability p, that the initial processing

resolves the problem permanently, making the likelihood of re-work negligible. Define:

v:=—log(l—py),

so that e™ is the base probability of no re-work. The baseline probability p, is close to 1

(v is large) for simpler cases, where there is little or no randomness, and service success
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is essentially guaranteed. Conversely, p, is close to 0 for more complicated cases, where
randomness is inherent.

Conditional on the problem not being—terminally and deterministically—solved, re-
work depends on the random evolution of the quality score. The post-release (or discharge)
score follows a BM BY" (pr = post release), which starts at [, and has a non-negative drift
n(l) =~ x [ that is linear in [. This relation reflects the fact that the greater the time spent
on an item, the less likely this item is to require re-work. The linear choice is not arbitrary;
it will arise as a special case of a multi-station model that we later introduce.

The diffusion coefficient of this BM is o, > 0. While the improvement rate is positive,
randomness allows the quality score to hit negative levels; it reaches the re-work level 0
at 7, = inf{t > 0: Bf" = 0}. At this point, the item returns to the station for additional
processing. The re-work likelihood is then the probability that the positive-drift motion

B, starting at [, hits 0 in finite time:
PI‘{TT < OO|B§T o l} — e*@ﬁ(l)l — 679712,

where ¢:=2/ aﬁT; o0 decreases (consequently p(l) increases), when the quality-improvement
variability increases. The probability of re-work, accounting for base re-work probability,
is

p(l) =1 = pyPr{r, < ool B =1} = & Hor00) — ~(tont), )

The re-work probability decreases as [ increases (hence, the average service time
increases), aligning with empirical evidence on the relationship between processing time
and re-work likelihood. Notably, this re-work probability, derived from our modeling frame-
work, is consistent with the relationship (logp(l) = —ovI{?, which parallels logit estimation
commonly used in the empirical literature (Kc and Terwiesch 2009, Carey 2015); see more
on estimation in §C.

Once returned for re-work, the item must be brought back to quality score [ before being

released again. The number of processing visits is then
511
N@=[1-p0)] = 1=
N(l)>1 and N(I) —1 is the number of returns (re-work visits). The total workload, given

a release-score threshold [, is then

W (1) = A x (m(a, 1) +m(0,1) x [N(I) —1]) = A x {é X [1 - e—<v+ml2>] T %} .
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Implicit in this expression is a stipulation of the action if the initial score a (for the first
visit) is greater than the optimal target [*. In that case, we treat the item as requiring no

processing at all.

LEMMA 1. The workload W (1) is convez in the release score I and the minimizer I* is

the unique strictly positive solution to the equation
e~ (terl?®) — (1+2%0y)" "

The optimal workload is given by

where I'), =min,>oy [1 — e_(””ﬂ )

Notice that the maximal throughput to this single station is given by

r —1
N=40 a—
(\/07 )

We also observe that, in optimality, the likelihood of re-work p(I*) = e~ (rrer()?) =

e~ (" t)?) where y* = arg mingso y [1 — e—('/+y2)] 1 depends only on v. That is, the optimal
solution adjusts the choice of [, so that the likelihood of return depends only on the baseline
re-work probability of the item.

In systems where the arrival rate is exogenous and fixed, the load—the arrival rate
multiplied by the service time— is obviously monotone in the service time. In our model,
however, the workload is minimized at [*—it is decreasing up to that point and increases
thereafter'. The mathematical implication is that the mapping from workloads to targets
[ is not invertible: given a workload level w > W (I*), there can be two distinct values of [

that achieve it. As stated, at w* = W (I*) there is a unique value [ (namely [*) that achieves

w*. Nevertheless, a mapping from w to [ can be defined by imposing a choice:
l(w)=min{l >0: W(l) =w}.

For the two-station model, we map the space of service-time decisions to the space of
workloads. The mapping is not one-to-one but, as here, the mapping between the two is

well defined at optimality.

L1f 5(1) does not depend on I, then I* = 0 would minimize the workload; that is providing any service is sub-optimal.
Therefore, one must allow for n=n(l) to grow with [ to have non-trivial solutions.
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REMARK 1 (MODELING CHOICE). Starting from a dynamic model of improvement and
deterioration, the BM formulation provides a unified and analytically tractable framework
that links design decisions to operational outcomes. It yields closed-form expressions for hit-
ting times, which translate discharge thresholds directly into processing-time distributions,
and it connects these to re-work probabilities through a consistent dynamic mechanism.
This structure enables an explicit characterization of the attainable workload region and
facilitates the analysis of complementarity and substitution. The BM thus serves as both
a mathematically convenient and conceptually coherent abstraction for modeling gradual

improvement and potential deterioration up to a release threshold.

4. Beyond a Single Station: Complementarity and Substitution

We proceed to a two-station setting with Stations 1 and 2 and a single item type. In
Section 5.3, we extend the model to incorporate multiple item types with different transfer
thresholds. In the context of our Maintenance Example, this setting represents the joint
modeling of repair followed by preventive service as coordinated stages of a maintenance
process, where preventive activities are performed while the equipment remains offline after
repair.

To the notation from the previous section, we add a subscript to identify the station:
for example, 6; is the BM drift of Station i € {1,2}, and [; is the target score for station
i. We use | and w for the vectors (l1,l3) and (wy,ws), respectively. The mean processing
time is (I —a) /6, in Station 1 in the first visit, [;/6; in subsequent visits to this station,
and ly/0y in Station 2.

Once processing at both stations is completed, an item’s total quality score at discharge
is Iy + lo. After release from Station 2, the post-discharge quality evolves as a BM B}"
that starts at this discharge level, e -1 =1, + ly, with drift n(l;,l2) > 0 (defined below)
and diffusion coefficient o, > 0. Hence, the drift 7(l;,l3) captures how the efforts at the
two stations interact—through substitution or complementarity—to influence the rate of
post-release improvement or deterioration.

The resulting return probability and expected number of visits are then given by
p(l) = e W ren®E) N1y =[1—p(D)] ", (3)

where e is the base probability of no re-work.
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Figure 2 illustrates the evolution of the quality score during an item’s stay in the network.
It visualizes the stochastic evolution of quality and the timing of re-work. In all three
scenarios, an item arrives at Station 1 at ¢ =0 with score B} = 0. In Scenario 1 (I; =
3.75,1; = 0), the item is released at t ~ 3. Its quality deteriorates and re-work starts at
t ~ 5. In Scenario 2 (I; =7.25,l, = 2.75), the item is transferred to Station 2 at t~ 6 and
leaves Station 2 at t ~ 9. In Scenario 3 (I; =4,ly = 10), the item is transferred to Station 2
at t = 3 and leaves Station 2 at ¢t = 8.5. In our base model, for tractability, re-work occurs
only after release from Station 2; see Appendix B.7 for a variant where a return to Station

1 can happen while in Station 2.

Complementarity and Substitution. The efforts in both stations can be substitutive or
complementary. Informally speaking, the two stations are complements if, as we increase [y,
the incremental effect of [ increases. Conversely, they are substitutes if the incremental
effect of [, is independent of /1, so that the two efforts contribute additively to the outcome.

Because our goal is to study the design of a two-stage service process, we do not impose
ex ante whether both stations must operate or only one. Instead, the optimal allocation
of work across stations is determined endogenously, and the resulting design may involve
effort in one or both stations depending on costs and complementarity. Complementarity
and substitution, in our model, refer to how station-level efforts interact after discharge
through the post-release dynamics that govern re-work and hence the system’s effective
workload.

To flexibly capture a range of such interactions, we use the CES family (Arrow et al.

1961, Sato and Koizumi 1973, Sato 1967, Stern 2011):
n(l)=(all + (1-a)l)s, 0<a<l, B<I, (4)

where a and 1 — « are the relative weights given to Stations 1 and 2, respectively, and 3
is the scaling parameter that captures the degree of substitution or complementarity.
With =1, n(l) = aly + (1 — a)ly, representing perfect substitution; as | —oo, n(l) —
min{ly,ls}, representing perfect complementarity. In between, as /5| 0, we obtain the so-
called Cobb-Douglas structure, n(l) — (#13~* (see Mas-Colell et al. 1995, Exercise 3.C.6).
The CES family has long been used to capture complementarity and substitution since

the seminal work of Arrow et al. (1961) and remains the basis for empirical specification
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Figure 2  Sample paths illustrating the evolution of the quality score and the timing of re-work.
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(e.g., Koesler and Schymura 2015, Mahaboob et al. 2017, Henningsen et al. 2021, Fujiy
et al. 2022). It is through 7(l), and the substitution or complementarity it captures, that

the total score is mapped into the re-work probability.
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Observe that a single station is the same as taking a = 1. In this case, n(l) = [, which is
consistent with our developments in §3 taking v =1 there.

Station labeling. Assuming o > 1/2 without loss of generality (stations can be relabeled
otherwise), station 1 (o> 1/2, decision variable ;) is the primary station, while station 2
is the secondary station. When « > 1/2, the primary station is more effective, contributing

more than the secondary one.

4.1. The Attainable Workload Region

In this section, we characterize the attainable workload region in the two-station setting.
Beyond having its own intrinsic value, this characterization lays the foundations for solving
the effort allocation problems in a structured informative way.

Given a choice | = (I3,13), the workload in stations 1 and 2 is given by *

= 9% [LN(1) —a], Way(l) = )\Z—ZN(Z). (5)

Wi(l) )

We define the rate-normalized workload as
Wia(l) =L N{)—a = W)= Wfa(l) +a=0UN(), Wi()=12N(), (6)

This is the workload if A =0, =6, =1 (hence “rate-normalized”). The actual workload is
then a linear transformation of the rate-normalized workload. The vector (W7 (1), W3 (1))

takes values in the set
W ={(wy,wy) >0:3l=(l1,l2) >0, st. wi =0LN(), wy=1LN()}. (W-region)

Theorem 1 is a key result. Recall that, by construction, a >1/2 and that 5 < 1. Also,
we let I', be the minimal rate-normalized workload in the single-station case with oy =1,
that is

1
L, =minyso y [1 — e’(”ﬂﬂ)] . (7)

The minimizer, y*, is the unique solution to

e—(zx+y2) _ (1 + 2y2)—1. (8)

2 As in the single-station case, we assume that an item is “rejected” if a > 15 + I3; it is sent directly to the second
station if [T < a <] + 5. Such item types become dedicated second station traffic in which case the single-station
model is to be used with initial score a —I7.
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THEOREM 1. The attainable workload set VW is convex and can be written equivalently

as
W= {(wy,wy) >0: wy> fop(wr)},
where
2
wllh;}g % , W1 < w(l)a
fa,ﬁ(wl) = ( 1> ) (9)
0, wy > w?
as well as
has(z) =0 (a+(1- a)zﬁ)% (z+1), w):= Fl,;,
h, 5(0)

and T is as in (7). Furthermore, WW can be expressed equivalently as
W = {(wy,wy) >0:n(w)(e-w)>1}. (10)

Theorem 1 establishes that the attainable workload region )V is convex and characterizes
its boundary. Intuitively, this convexity reflects the trade-off between the workloads at the
two stations: an increase in one station’s effort can partially offset a decrease in the other
while maintaining the same overall system performance. The specific shape of this region
depends on the parameters v and [, which determine the degree of substitutability or
complementarity between the two stations. Proposition 1 and Figure 3 further illustrate
how these parameters shape the attainable region and influence the boundary’s curvature.

REMARK 2 (ROBUSTNESS OF CONVEXITY). The convexity of the attainable workload
region W derives from the properties of the aggregation function 7(l), which combines the
quality contributions across stations. As shown in the final part of the proof of Theorem 1,
convexity follows from the fact that n(l) is concave (and in particular, log-concave), imply-
ing that the product n(w)(e-w) is log-concave and its upper contour sets are convex. Hence,
any positive aggregation function 7(-) that is concave would also yield a convex feasible
region W. By contrast, if n(-) were non-concave—for example, exhibiting increasing returns
to scale—the corresponding region could become non-convex, as effort reductions at one
station might amplify rather than offset the workload at another. Therefore, convexity is
not specific to the CES family but stems from the general diminishing-returns property of

the aggregation function.
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The characterization of the attainable workload region extends naturally to any number
of stations n, as shown in Appendix B.1.

EXAMPLE 1. A special but informative case has a=1/2 (stations are equally impor-
tant) and =1 (they are perfect substitutes). In this case, hos1(2) = 20(1 + 2)?, so that
fosi(w1) =T,\/2/0—w; for wy <w)=T,1/2/0. The set W in this case has the simple
linear boundary shown in the left plot of Figure 3 .

Next, we characterize the boundary f, g of the set WW. This will be instrumental in our

study of optimization problems over W. In Proposition 1, below, f, 5 is as in (9).

PROPOSITION 1. The derivative of fo s(w1) satisfies the following:

0, if B<1, —00, if B <1,
limo fé,ﬁ(wl) = and hfﬁj f&,ﬁ(wl) =
vt —71, Zfﬁ = 17 . —V2; Zfﬁ = 17

where v1 =2(T, /w?)* >0, %2=1/(1—a)>0.

Proposition 1 stipulates that for any § < 1, the boundaries of the convex set “asymptote”
smoothly to the axes. This implies that, for linear objective functions, there are no optimal
solutions of the form (0,d) or (I,0) while we might have some for § = 1. Indeed, from
Example 1 we know that with 5 =1 and o = 1/2, the boundary is linear. Figure 3 illustrates
the three possible scenarios. Importantly, when o > 1/2 perfect substitution in drift (8 =1)
could still be consistent with an optimal solution that requires the non-negligible use of
both stations. This is established in the next station.

Figure 3 The set W for different values of «, 5. In the center, the boundary is convex but “hits” the axes with

a strictly negative derivative (the tangents in black represent these derivatives). On the right, the

tangents at the points where f, g meets the axes are the axes themselves.

=1, a=0.5 =1, a>0.5 B<1, acl0.5,1]
w2 Wa, Wo
\\ { \
\\ ‘\\ \\
\ ~ \ - \\ -~
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Model summary. Before turning to the analysis, we briefly summarize the main modeling
assumptions for clarity. [tems arrive at rate A and evolve independently. While in Station 4,
an item’s quality follows a BM with drift #; and diffusion o;, and service ends when its
quality score reaches a threshold [;. After release, quality continues to evolve with drift (/)
and diffusion o,,, and the probability of re-work is p(l) = e~ T2 " with re-worked
items returning to Station 1. In the two-station setting, station-level quality contributions
aggregate via the CES function (1) = (o} + (1 — a)15)"/?. Appendix A summarizes all
main notation and symbols used throughout the paper.

For completeness, Appendix C describes how the model’s parameters can be estimated
from operational data: the quality-evolution parameters (6;,0;) are inferred from service-
time observations, and the substitution/complementarity parameters («, 3) are estimated
from realized re-work frequencies. The appendix also includes a simulation demonstrat-
ing that the proposed estimation procedure accurately recovers these parameters even in

moderate sample sizes.

5. Processing Costs and Optimization
An item’s handling cost reflects the resources allocated to it. The more resources deployed,
the higher the cost per unit of time. In other words, ¢; and c;—the cost per item per
unit of time in Stations 1 and 2, respectively—would be greater for items that are more
important, present a higher risk or require more resources.

Recall that under a given decision pair [ an item (re)visits each station N () times in
expectation; this includes the index visit and any subsequent visits. The handling cost at

each station is then given by

Station 1 cost = /\% (LN(l) —a) = )\%W{(Z),
1 1
Station 2 cost = A2LN(1) = A2Wi (1),
0, 0,

Recalling (6), the total journey cost for an item is, therefore,

1

0

C2

Station 1 cost + Station 2 cost = \ 7
D)

W)+ A=W (1)
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With capacity constraints C; and C5 in Stations 1 and 2, respectively, we arrive at the

(constrained) optimization problem:

min - (c1/61) - Wi (1) + (c2/62) - W (1)

s.;. (A/6)) - Wi ()< Cy, (11)
(A/02) - W3 (1) < Cs.

The solution for this capacity-constrained problem builds in a fundamental way on that

of the unconstrained problem so we start with the latter.

5.1. The Uncapacitated Problem

This is the case where C1,Cy =00 in (18). In this case, the optimization problem decom-
poses into K single-type problems. Fixing one type (and omitting the subscript & from
notation), we have the optimization problem

V* = min A (EW{(Z) + 9W5(1)) . (12)

ier2 \ 0y 02

Relative marginal cost (relative cost, in short). The ratio ¢;/60; is the marginal
cost of quality improvement in Station 1: ¢; is the resource consumption cost while 1/6;
is the time during which this effort is exerted. This is an effectiveness measure that is
Station-1-focused. Similarly, ¢5/6; is an effectiveness measure that is Station 2-focused.

The measure
RC o 02/92

T 01/917

then quantifies the relative cost of Stations 1 and 2. According to our labeling, Station 1

is the primary one and thus more effective (o > 1/2); it can, however, be either cheaper or
costlier than Station 2.

The optimal solution is identical to that of the cost-normalized problem,

- 6
V(R = ﬁv* = Iln>151 (Wi () +RW3(l)) (cost-normalized problem) (13)
1 >

We write (I*)(R¢) where needed to make the dependence of decisions on the relative cost
explicit.

The result below—which identifies a relationship between [} and [ that depends on «

and — is familiar from budget-constrained production-quantity maximization with CES
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production functions. While, at this point, we have no explicit resource-budget constraints,
these are implicit through the re-work; our problem is, informally, a dual problem where

we minimize resource consumption while satisfying a production constraint.

LEMMA 2. If there exists an interior optimal solution to (13), i.e., with I* >0, it must
be of the form

* *
12220 13

where zyg = zo(R°) > 0 is the unique solution to

2]ha 5(2’) 1
z—— 2 | = ——, (14)
( hy, 5(2) ) Re¢
and b, 5(+) is as in Theorem 1. Given zy, I =y*/v/hap(z0) and 5 =T,20/v/ha p(z0) where

I, and y* are as in (7) and (8), respectively.

With a=0.5 and = 1—recall Example 1—the attainable workload region has a linear
boundary. The slope of that linear boundary is —1. Hence, minimizing the linear cost
function wy +Rws yields only corner solutions with the exception of the case where R¢ =1
(where there are infinitely many solutions).

Under the optimal solution [*, the likelihood of re-work depends only on v and not on
the relative costs. As in Lemma 1, p(I*) = e~ #+210)*) = ¢=(“+(s")) where y* is as in (8).
The optimization problem adjusts the decision to the cost and substitution parameters so
that the likelihood of re-work is the same across all types (i.e., all combination of cost and
substitution) that have the same base re-work parameter v.

The problem (13) is a minimization of a linear function over a convex region. At the
optimal solution (if attained at a smooth boundary), it must be the case that the cost
function is a tangent to the boundary. In Proposition 1 we saw that with 8 < 1, the axes
are the tangents to the function f, s at the points where it meets the axes. This means
that—with the exception of the trivial case that R =0 (or R¢= oo)—there will be only
interior optimal solutions where both wy,wy > 0; see Figure 4. With g =1, the tangents at
both meeting points with the axes (recall Figure 3) are non-trivial. Thus, there is a value
of R, for which the cost function is a tangent to f, s at w; =0 and another cost where
the cost function is tangential to f, 5 at w; = w).

Lemma 2 characterizes the interior solution corresponding to the middle regime, where

both stations are active. Theorem 2 extends that result by showing that, for g =1, the
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Figure 4 The attainable workload region for 3 < 1 and the cost objective tangent; 5 <1, o €[0.5,1]

A 4

f.0,/2
wq

interior solution applies only within the middle regime where both stations are active,
while the first and last regimes correspond to corner solutions where one station is inactive.
In those cases, the optimal solution shifts to a corner regime in which only one station
operates, because the interior condition of Lemma 2—requiring both [},[5 > 0—cannot be
satisfied when the cost function is tangent to the boundary along an axis (see the middle

panel of Figure 3, where the tangents at the axes illustrate these corner solutions).

THEOREM 2 (operating regimes). The optimal solution to (13) is:
o If B <1 (partial substitution or complementarity), there exists only the unique interior
optimal solution characterized in Lemma 2.
o If B=1 (substitution), there exists 0 < R{ 5 < Rf 5 < 00, such that the optimal solution
I*(R°) is:
— For R°€ [0, RS ) 15(RY) =0 and 13 :=I5(R) = y*/+/o(1 — @) with § in (8).
— For R° € (R, R§5): I*(R°) is as characterized in Lemma 2.

— For R¢ € [R§5,00): I3(R¢) =0 and 19 :=1;(R°) = y*/\/oa with y* in (8).

This theorem identifies the existence of three operating regimes. As long as there is
some complementarity (8 < 1), it is optimal to have some effort in each of the two process
steps. When the post-release drift is linear in the efforts—there is perfect substitution
in the drift (8 = 1)—there are three distinct operating regimes: one where no processing
is optimally happening in station 1, one where no processing is happening in station 2,
and one where some processing is required in both. Thus, with 5 =1, the exact operating

regime is determined by the relative cost.
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Table 1 summarizes the three operating regimes characterized by Theorem 2, indicating
which stations are active and how the optimal thresholds behave across substitution levels

and relative costs.

Table 1 Operating regimes characterized by Theorem 2.

Regime Complementarity Relative cost Threshold behavior
level (B) range (R°) with R¢
I. Station 1 only =1 R°> R, [, =19 (constant)
I1. Station 2 only =1 Re< RS, ly =19 (constant)
ITI. Both active B8<1 or — l1 decreases and [, increases;
(B=1and RSz < R°< R%p) stronger complementarity ()

— more balanced effort

Figure 5 is a numerical illustration of the optimal decisions in Theorem 2. It shows
symmetry around a threshold value, explicitly characterized in Proposition 2(7). For com-
pleteness, we note that the qualitative behavior of the solution extends to 5 <0, where
increasing complementarity (smaller ) accentuates the curvature of the response and shifts
effort toward the more effective station. The limiting case f — —oo corresponds to perfect
complementarity, in which both stations must contribute equally.

Maintenance Ezample. Theorem 2 shows that when repair and preventive service are
strong complements, both stages optimally receive positive effort, whereas under near sub-
stitution, resources are allocated primarily to the more cost-effective stage. Appendix D
grounds these results in an order-of-magnitude calibration based on industrial mainte-
nance operations for assets such as wind turbines, generators, and other heavy equipment.
The calibrated parameters produce consistent qualitative patterns and magnitudes aligned
with observed practices, where repair is followed by preventive service while equipment
remains offline. Appendix E complements the analytical results with numerical experiments
demonstrating robustness: the optimal design remains stable under moderate parameter
variation, and the integrated policy yields substantial cost savings relative to decentralized

benchmarks.



23

Figure 5 The solution structure in Theorem 2: Optimal [1,l> as a function of relative cost R°. The parameters
are Q=1, a:0, 91 21, 92:0.6, C1 =1.
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PROPOSITION 2 (the complementarity—relative cost interaction). Let [*(5,R¢)
be the optimal solution as a function of the complementarity and the relative cost. The
following then holds:

(i) At Ry = (20— a) + D20+ 1) =~ (2= 2220 )7 1i(5,Rg) = 5(8,R5) (both
stations’ decisions are identical). Moreover, I*(8,R§) does not depend on (3.
(i) For all R® < R§, the ratio I5(B,R°)/I5(8,R) is decreasing in B (with all else

equal, greater complementarity means a smaller ratio). For all R¢ > RS, the ratio

Ii(B,RE)/15(B,R®) is increasing in [ (with all else equal, greater complementarity
means a larger ratio).
(iii) The optimal cost function V*(B,R¢) is decreasing in 3 (with all else equal, greater

complementarity means a larger value function).

Figure 6 is an illustration of Proposition 2. At the simplest level, complementarity effec-
tively introduces a constraint on the network; to benefit from the effort in one station,
one must make greater effort in the other. In turn, the higher the complementarity (the
smaller the value of (), the greater the optimal cost.

More subtle is the way that optimal decisions differ on both sides of the threshold
R§. When oo =1/2, R§ =1, item (ii) of the proposition stipulates that if R < R, the
greater the complementarity (with the relative cost fixed)—mot only will more work be

done (optimally) at the cheaper second station—but that relatively more is done in the
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second station: the relative decrease in the first station is dominated by the relative increase
in the second.

The explicitly identified value of the threshold shows that the range of costs where this
happens shrinks as the first station becomes more dominant (« grows).

In Figure 6, o = 0.7, so that threshold is, per part (i) of Proposition 2, equal to 2/3.
Complementarity keeps the stations as balanced as possible—as extracting value from one
station necessitates keeping some effort in the other. Accordingly, we see that as we move
away from the symmetry point, it is the types with smaller g that are the slowest to change
(in relative terms).

This result implies that when different item types share the same relative cost but differ
in their substitution level, it is sufficient to know on which side of the threshold the relative
cost falls to effectively allocate efforts between the stations.

Improving Station 2 to render it a better substitution for Station 1 would have different
effects on different items. Two item types that share the same relative cost, might receive
relatively more effort in one station depending on where items’ costs stand relative to their
respective thresholds.

Total Processing Time. Figure 6(c) presents the total (i.e., including all visits and
both stations) for different values of 5. Because, per item type, the re-work likelihood is at
optimality constant, the total processing time is proportional to a single visit length (except
the first visit if a > 0). As the cost of the second station increases, the processing time
initially decreases but may then increase as Station 2 becomes prohibitively expensive—
this latter increase is more substantial if complementarity is substantial. Like the ratio
l1/1a, the effect of complementarity is different (and reversed) on the left and right of the
threshold.

Importantly, there is a point of relative cost (on the right of the threshold) where the
processing time is minimized. Recalling that (optimal) re-work is constant within an item
type, this is the “sweet spot” — it achieves the optimal processing time and re-work likeli-

hood.

5.2. The Capacitated Problem
When capacity is finite, C,Cy < oo in Problem (18), the choice set is an intersection of

the attainable workload region and the sub-space defined by the constraints; see Figure 7.
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Figure 6 Optimal [1/l2, V, and total length of stay for different values of 3. The parameters are o=1, 6; =1,
92 :0.6, C1 = 1.
(a) (b) (c)
Optimal /\/l, (a = 0.7) X 26 Optimal V (a = 0.7) i Optimal total LOS (a = 0.7)

/ oo e Tl f=-025
—p=025
—p=05
— =075

—p=1

Optimal 1/l

,,,,,,,, f=-025 e = =025
=025 p=025
—p=05 —p=05 ——————
—p=0.75 —p=0.75
—p=1 —p=1
1 15 5 1 15
Relative cost

Relative cost

Figure 7 A system with a single item type and finite capacities C; and C>. The optimal solution to the cost

optimization problem lies on the boundary portion marked in red.

§C.16,/2

w1y
Let us define the rate-normalized capacities

For the constrained optimization problem to be feasible, it must be that
CeCs={C1,Co:Cy > fus(CD}, (15)

where f, 3 is as in Theorem 1. The attainable set shrinks with § (Lemma 8): Cg, C Cg, if
p1 > P with all else (A, 01,02) fixed.

Theorem 3 characterizes the optimal capacitated solution, which is based upon the
uncapacitated solution.
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THEOREM 3 (constrained service anatomy). Fiz C € Cs. Let [%*(R¢) be the solution

to the unconstrained problem when the relative cost is R¢. Then, the optimal solution [* to

(17) is given by I*(R¢) where

Be— e (02—1—%2) / (C1+f€1> ’
Co C1
with

1
w1 =max{c1(|fy 5(CT)|R —=1),0}, Ky=max{c| =17 —-1],0;,
talfeslch } o (fos(COIRe
and either they are both infinite—if CT = f. L(C3) and fo3(CT) = —1/R¢—or only one of

a,

them 1is strictly positive. Finally, k; is decreasing in C;.

The Lagrange multipliers k1, capture the value of increasing the capacity. Because
they are explicitly specified, we can analyze the effect of complementarity /substitution on
them. To that end, let C° be such that f,3(C°) = C". Recall that this point does not
depend on 3 and is given by I'/y/h, (1) =I'/v/2. The following is a direct consequence of

Proposition 2.

LEMMA 3. Fiz § and C1,Cs, which are feasible at (5 — 6,5+ 6), for some 6 > 0.

1. If CT < C°, then Ky increases with 3, while R¢ and 715 decrease with B; the mono-
tonicities reverse if C7 > C°.

2. If C5 < CY, then ko decreases with (3, while R¢ and I /15 increase with 3; the mono-

tonicities reverse if Cy > CY.

This result has an intuitive interpretation that is best understood by considering the
extreme case of complementarity. As 5] —oo, n(l) = min{ly,ls}. Thus, if I; <o, it is
infinitely more valuable to increase [; than it is to increase l5. The best is when the two
are equal. Extending this logic informally to any 8 < 1, the intuition is that we want to
“balance” the line. The greater the substitution, the more we can realize the aforementioned
value because it is costless to transfer work from station 2. If, however, there is strong
complementarity, in order to extract value in Station 1, we must keep some work in Station
2. Hence, we get less value from increasing the capacity (k; is increasing in ). When
C; > (O, this logic is reversed.

When the capacity in Station 1 is small, the more substitution we have, the more we
want to transfer work to Station 2 (hence, we “make” Station 2 cheaper by reducing ﬁc)
Complementarity, on the other hand, would mean keeping Station 2 expensive to make

sure we keep enough work in Station 1.
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Maintenance Example. When repair capacity is limited, the system must rely more heav-
ily on preventive service to maintain quality, increasing the overall workload. If repair
and preventive service are strong complements, however, this adjustment is less effective:
restricted repair capacity reduces the value of subsequent preventive work and leads to
sharper performance deterioration. The calibrated results in Appendix D.1 illustrate this
mechanism. When repair capacity decreases from ten to six workers, the system com-
pensates by increasing preventive effort, but this adjustment yields smaller gains under
strong complementarity. In complementary systems, the effectiveness of preventive service
depends on sufficiently thorough repair; thus, limited capacity at the repair stage reduces
the overall benefit of both stages. By contrast, when the stages are more substitutable,
effort can be shifted more flexibly toward preventive service, resulting in smaller efficiency

losses.

5.3. Multiple Types

In many practical systems, items differ in their characteristics, leading to heterogeneity
in costs, processing rates, and complementarity levels. In this section we generalize the
analysis to incorporate multiple types of items flowing through the two stations. When
resources are scarce, the different item types “compete” over them. Let [K]={1,...,K}
be the set of item types; we expand the notation by adding the superscript k for Type k.
Thus, for example, a® is the initial quality of type-k jobs, 6% is the rate of improvement for
type-k jobs in Station i € {1,2}, o €[0,1] is the station-importance coefficient for type k
items, and ¥ is the substitution/complementarity coefficient.

Let the total arrival rate to the system be A, and let py denote the fraction of arrivals of
type k, so that the arrival rate of type k items is \¥ = p; A with ZkE[K] pr = 1. Each type
k is characterized by a pair of station thresholds I* = (I¥,15). We denote by I = (I1,...,I1X)
the collection of all type-specific threshold pairs, which we represent as a stacked 2K-
dimensional decision vector.

The attainable workload region for type k is
Wi i={(w},w5)>0: 31" =(If,15) >0 s.t. wy =1{N(1¥), w =N},

where each W is convex and has the structure derived in Theorem 1 and Proposition 1,

with the corresponding o and 8*. A vector (of pairs) w = (@, ..., w") belongs to

WX = H Wk, (16)
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if w* € W, for each k.

Given a decision vector l_; we let Ei(f), 1=1,2, denote the total load on Station i:

—

Li(l) = (\/6;) - Wi (1),

where WZ(I) = (W' (1Y),..., WK (1X)) is the K-dimensional vector of workloads con-
tributed by all item types at Station i. The set of feasible capacity vectors C' = (C1, () is
defined as

Cs={C>0: 31>0s.t. L;(1)<C;, i=1,2},
where the dependence on 3 = (3%, k € [K]) is made explicit.

As in the case of a single type, the set trCgs is “increasing” in the vector 3 of complemen-
tarity /substitution levels under the standard partial order: Cg, C Cg, for B, = (Bs,...,B5)
and B, = (B}, ..., 45) such that B§ < BF for all k € [K].

In words, the greater the complementarity between the stations, the greater the capacity
that is needed to serve everyone. Scarce capacity introduces an interaction between item
types. One must prioritize the capacity usage of the two stations, and one expects that all
item types will be allocated less aggregate effort, with some “suffering” more than others.
Beyond aggregation, scarce capacity also alters the effort allocation between the stations,
and this reallocation differs across item types depending on their characteristics.

The total cost for K types of items with different characteristics is

=

V()= (Aer/61) - Wi(1) + (Aca/02) - Wi(D),

where ¢;/0; (for i = 1,2) denotes the K-dimensional vector (¢} /6}, ..., cK/0K) and Wf(f) =
(WY, ..., WP (1K) is the vector of workloads contributed by all item types at Sta-
tion i. The decision variable is [ = (I, ..., 1%).

The multi-type constrained optimization problem is therefore

min  (c1/6:) - Wi (D) + (c2/02) - W5(1)
>0
(17)
st (\6)-Wil) <Cr, (M8:)- Wi(D) < Co.
This problem can be equivalently expressed using the space of attainable workloads WW*
as

m“i/n (01/01>'W1+(02/02)'W2

s.t. ()\/01)'W1§Cl, ()\/92)'W2§02, (18)

w e W>.
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Theorem 4 establishes that the solution structure for each type remains as in the single-
type problem, but with a scaled cost ratio determined by the type-specific holding costs

and by which station’s capacity constraint is binding.

THEOREM 4 (multi-type service anatomy). Fiz capacities C1,Cy € Cg. Let R =
(ck/65)/(ck/0%) denote the baseline relative cost for type k items. Let I*(-) denote the solu-
tion for type k items in Theorem 2 as a function of the relative cost. Then the unique
solution I* to (17) satisfies

M=% (R5), kelK],

Nc:Rc C]2€+’L€2 Cllg—i_'%l
k k clzf C]f )

and k = (Kk},K5) are such that K (Ci —Ez(lq*)> =0, i=1,2. If C} = o0, the corrected cost

¢ s decreasing in Cy, and it is increasing in Cy if Cy = o0.

where

The dual variables k; and ky for the resource constraints scale the effective cost ratios
up or down. If the capacity of Station 1 is strictly binding but Station 2 has positive slack
(so ky =0), the relative cost is reduced for all item types. The first (second) constraint, if
binding (hence 1 >0 (kg > 0)), decreases the processing time in Station 1 (Station 2) of
all item types.

With 8% < 1, the optimal processing time in Station 1 (Station 2) for type k declines as
the corresponding constraint becomes more binding. With 3% = 1, the scaled relative cost
can drive certain item types to a regime where it is optimal to perform all processing in
only one of the two stations. This is because ¥ =1 supports three operating regimes, and
there exist effective second-station costs for which it is optimal to use only a single station;
recall Theorem 2 and see the example further below.

For given RS, 0F, and 65, the optimal processing time in Station 1 decreases more
(relative to the unconstrained baseline) for those item types with smaller (larger) marginal
Station 1 (Station 2) costs, ¢} (c&). This is because 7%2 effectively represents a discount in
the relative Station 2 (Station 1) cost. For this same reason, two item groups, say a and b,
with unconstrained solutions satisfying I*(RS) > I*(RS) might have I*(RS) < I}(RS). This
means that the “discount” is more significant for type a. With ¢f = ¢ and RS = R, such a

“swap” can still occur because of differences in substitution/complementarity. For a group
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with a higher degree of substitution (i.e., 8, > f3,), a large Station 2 discount shifts more
effort toward Station 2.

Maintenance Example. Consider a system that handles multiple categories of equipment
that differ in maintenance costs and in how strongly repair and preventive service comple-
ment each other. When capacity is scarce, items with stronger complementarity between
the two stages (lower [3) retain relatively more repair effort, since cutting repair capacity
sharply reduces the effectiveness of subsequent preventive service. By contrast, for items
that are more substitutable, the system can shift a greater share of work toward preventive
service without a substantial loss in performance.

For more on the role of complementarity and substitution, Figure 8 provides two numer-
ical examples. We consider K =5 different levels of substitution/complementarity. When
there is enough capacity, all items receive their required effort mix. As capacity becomes
scarce, processing time in Station 1 decreases and processing time in Station 2 increases.
When C; = 5.5, the efforts in both stations are the same: I¥*/I5* =1 for all k € [5] (i.e.,
regardless of the value of 5*). When C) < 5.5, the stronger the complementarity (smaller
%), the larger the ratio l’f’* / lg’* is. That is, items with stronger complementarity are pri-
oritized (stay longer in Station 1 and less in Station 2) over items with a smaller level of
complementarity. This is because it is easier, for types with greater substitution (larger
%), to compensate for the shorter processing time in Station 1 by moving effort to Sta-
tion 2. Furthermore, only under substitution can we reduce l]f’* to zero and provide all
the required processing in Station 2. Indeed, when C; < 4.5 (if a =0.5) and C; < 3.8 (if
a=0.7), we see that [** =0 under perfect substitution (8% =1). Under complementarity,
we must keep the items, even for a short period of time, in Station 1. Note that when
Cy > 6.5 (if @ =0.5) and C; > 6.8 (if & =0.7), I5* = 0 under perfect substitution—the

entire service is provided in Station 1.

In Appendix B.5 we consider the case where resources can be shared between the sta-
tions. In this case, the individual-station constraints are replaced with a total consumption
constraint £(1) = (A/61)- W (1) + (\/6:) - W5(I) < C. In that setting, the interesting ques-
tion is how the total capacity is optimally allocated between the stations. In Appendix B.6

we consider the throughput maximization problem.
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Figure 8  Optimal I}/15, k € [5], where each k corresponds to a different value of 5. The parameters are o =1,
Cy=00,01=1,602=06, A\=1, c1 =c2=1. For « =0.5 in this example, capacity is binding if C; <10
and/or C3 <2.8; for « =0.7, it is binding at C; < 9.7 or C2 < 1.16.

a=05

Optimal /1,
Optimal /15

6. Synthesis: The Operations Frontier
The key forces that our model seeks to capture are present in processing networks where
there is a clear notion of repair and maintenance activities. Such systems often involve
sequential tasks—repair followed by preventive maintenance while the equipment remains
offline—where greater investment in the first stage restores functionality, and additional
preventive work in the second stage enhances long-term reliability and reduces future re-
work, reflecting the trade-offs captured by our model. In such systems, the planner must
decide how much effort to allocate to each activity. Examples include manufacturing (where
the second station represents quality assurance) and services (such as healthcare, where
the second station might represent post-acute care follow-up). Common to these examples
is that effective operation requires allocating effort across stations and item types while
accounting for process characteristics such as cost and capacity.

The model abstracts from the specifics of particular settings to focus on the role of, and
interaction between, cost and substitution-complementarity. The goal of this section is to

highlight and consolidate key insights from the model that, we believe, are robust across

various settings.

Re-work, Workload, and the Operations Frontier. A fundamental feature of the model —
and the reality it seeks to capture — is that greater effort (longer processing time) results in

a higher immediate workload but has the potential to reduce total workload by minimizing
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returns/re-work. As such, the focus (both managerially and mathematically) should be on
workload rather than immediate service times.

The boundary of the attainable workload region is the operations frontier for such sys-
tems and represents the trade-off between immediate and long-term workload. This trade-
off, regardless of the level of complementarity, is strictly convex — except in the case of
perfectly symmetric contribution (o =1/2).

From a practical perspective, the non-trivial nature of this trade-off implies that capacity
exchanges are not “one-for-one.” Reducing capacity by A at one station may require adding

more than A capacity at the second station to maintain the same performance level.

Operating Regimes and the Effect of Re-work. There are three broad regimes: two “cor-
ner” regimes where only one station is utilized, and an interior network regime where both
stations are (optimally) used for processing.

The optimal operating regime depends on item parameters, and as a result, different
regimes may coexist within the same system. For items processed exclusively at Station
1, the release threshold from the system coincides with the transfer threshold. Conversely,
items processed solely at Station 2 should be directed there immediately upon arrival.

For items exhibiting (even minimal) complementarity between stations, both stations are
required. Corner regimes arise only for item types where the stations are perfect substitutes.
Even in these cases, unless the relative costs are significantly skewed toward one station,
the optimal solution lies in the interior regime.

Cost and Substitution Interaction: A Threshold Determines the Most Effective Station.
The level of complementarity influences the optimal allocation of effort between stations.
For “low” relative costs (Station 1 to Station 2), greater complementarity leads to more
effort being allocated to Station 1. Conversely, for “high” relative costs, greater comple-
mentarity shifts effort towards Station 2. “Low” and “high” costs are defined relative to a
threshold determined by relative contribution and substitution/complementarity levels.

This threshold marks the point where the “most effective” station transitions from Sta-
tion 1 to Station 2. Below this threshold, increasing interdependence between stations
(through greater complementarity) results in more effort being directed to Station 1. Above

the threshold, additional effort is allocated to Station 2.

The Effect of Capacity: Shifting the Threshold. Finite capacity alters the relative costs

between stations. A tighter constraint at Station 1 raises its relative cost. Our results
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suggest that capacity adjustments will shift the balance of effort, depending on where
item types fall relative to the adjusted threshold. For instance, if capacity at Station 1 is
reduced, effort for item types near the original unconstrained threshold will shift towards

Station 2.

Expanding the Model’s Coverage. Where the specifics of a setting can be incorporated
as constraints—such as minimum processing requirements at Station 1—the attainable
workload region remains a valuable tool for studying the optimal network configuration. As
indicated in §C, it is feasible to estimate the model parameters using standard processing-

network data to inform design decisions.

7. Concluding Remarks and Directions for Future Research

The two-station integration model is, in general terms, a service network design problem.
The anatomy of the network translates into the allocation of work across networked sta-
tions. We take a modeling approach that captures the individual quality evolution through
the network and the way in which the station-wise quality determines re-work through
substitution and complementarity. Optimizing the service anatomy in this case means set-
ting the transfer targets (processing times) or efforts invested in each station to minimize
the total cost of operating the system; this also implies minimizing re-work and its associ-
ated cost. We introduce a model that operationalizes item characteristics and subsequently
study how the latter determine the allocation of both stations’ efforts.

The baseline model can be expanded to include some realistic features. In our model, the
transfer target [ does not vary from one visit to the next. In some cases, the very event of
re-work reveals information about the item. It then makes sense to have different transfer
targets in subsequent (i.e., post-index) visits. The model can be expanded to capture more
elaborate process protocols/networks.

The workload allocation is the first-order or “fluid” optimization problem. As is the case
with the fluid baseline in various queueing control problem, our solution can serve as a
stepping stone for the development of dynamic control policies. Our allocation of efforts
between the stations provides a baseline. Using it, real-time performance can be improved
by reconciling the transfer targets with the workload. The optimal control would introduce
state-dependent discharge or transfer actions that are perturbations of the optimal fluid

decisions.
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Online Appendix
Appendix A: Notation

Conventions. Scalars are set in italic; 2D vectors (per type) use arrows. Superscript k indexes item types;

subscript i € {1,2} indexes stations. The vector e =(1,1).

Table 2: Main symbols and notation used in the paper.

Symbol Type Meaning / Where Used

Core primitives

a scalar Initial quality score on first visit (single item).

A scalar Exogenous base arrival rate to the network.

ls scalar Threshold (release/transfer target) at Station 4.
I=(l1,12) 2D vector Threshold pair for a single item (two-station model).
wW; scalar Rate-normalized workload at Station <.

w = (wy,ws) 2D vector Workload pair for a single item (two-station model).
0; scalar Drift (quality improvement rate) at Station .

o; scalar Diffusion coefficient at Station i.

Opr scalar Post-release diffusion coefficient.

B: process In-station quality BM at Station ¢ (positive drift).
By process Post-release quality BM (drift 7(l), start e-l).

Single-station objects

> scalar Optimal threshold in the one-station setting.

wr(l) scalar Rate-normalized workload at Station ¢ for threshold(s)
.

T I.V. Hitting time to threshold (inverse Gaussian under BM).

Post-release and re-work

el scalar Total discharge score I; + 15 (starting level post-release).
p(l) function — scalar ~ Re-work probability p(l) =exp(— (v +on(l) (e-1))).
N(I) function — scalar ~ Expected number of visits N (1) =[1—p(1)]~*.

Continued on next page
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Symbol Type Meaning / Where Used

v scalar Baseline log-scale parameter in the re-work probability;
e~ " is the base probability of no re-work.

0 scalar 0:=2/02,

Two-station aggregation (CES) and geometry

ae(0,1)

p<1

n(l)
W
fas()
]ha’ﬁ(')

0
wi

scalar

scalar

function — scalar
set

function

function

scalar

Station-importance weight (CES).

CES substitution/complementarity parameter (=1
subst.; 8] — co complementarity).

CES aggregator: (alf + (1 —a)l5)"/?.

Attainable workload region in Ri.

Boundary of W: wy > f, s(w1).

Auxiliary function in boundary characterization.

Right-endpoint of nontrivial boundary segment of W.

Optimization, costs, and capacity

¢ scalar Holding/effort cost rate at Station .

V(1) or V(1) scalar Total expected cost objective.

Re scalar Relative cost ratio (effective Station 2 vs. Station 1).
Re scalar Corrected cost ratio (accounts for duals k).
C,; scalar Capacity at Station 1.

L.l scalar Total load on Station i: (A/68,) W7 (1.

Ki scalar Dual variable for capacity at Station i.
Multi-type extension

ke [K] index Type index, [K]={1,...,K}.

Ik =(I%,1%) 2D vector Thresholds for type k.

[= (1., 1%) 2 K-vector Stacked decision vector over all types.

0%, oF scalars Drift and diffusion for type & at Station 7.
ok, Bk scalars CES weight and parameter for type k.

Continued on next page
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Symbol Type Meaning / Where Used

wF = (wh, wk) 2D vector Workload pair for type k.

w = (..., wk) 2K -vector Stacked workload vector across types.

W (I K-vector (WY, ..., WS (15)), type workloads at Station i.
W set Attainable workload set for type k.

4% set Product set [, () Wi

B=(8,...,85) K-vector Type-wise substitution/complementarity parameters.
Cs set Feasible capacity vectors under 3.

Appendix B: Variants and Extensions
To simplify notation, throughout the extensions we assume that v = 0.

B.1. Attainable Workload Region for n Stations

Consider the case of n stations and let (I1,...,1,) denote the transfer target from each of the n stations.
The drift and diffusion coefficient of each Station i, i =1,...,n are 6; and o;. The constant elasticity of

substitution (CES) production function for n stations is:

1
n B
n(l) = [Zaizfl , O<a; <1, B<I, (19)
i=1
where )" | o' =1; we use henceforth « for the probability vector as,...,,. The rate-normalized workload

in Station ¢ is W/ (l) = [;N(l). Consider here the case where the initial state in the first visit is 0 as in
subsequent visits.

The final part of Theorem 1 shows that the attainable workload region is given by
W:={weRY} :n(w)(e-w) >1}.

This, as for n =2, is a convex region. This is formally argued within the proof of Theorem 1.

B.2. Processing Complementarity

The analysis so far focused on the case where the two process steps can have outcome complementarity, but
there is no processing complementarity. That is, the improvement rate in one station does not depend on
the quality score reached at the other station.

In this section we consider the other extreme: processing complementarity /substitution. First, we assume
that process steps are perfect outcome substitutes and have the same contribution to the return probability

(o =0.5 and f=1). The number of visits is then

Npe(l) = [1 — e_%(e‘l)z} o .
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We introduce process dependence by having a non-constant drift in Station 2, a drift 62(l;) that depends
on the final score at completion in Station 1. We use 6(l1) =~y +yl;. This is clearly not as general or flexible
as what we allowed in outcome complementarity; however, it provides initial tractability. We then explore
numerically variations on this structure.

Notice that if y =0 and v > 0 (so that, 6, =~ > 0), we restore perfect processing substitution as in our
base model. If y =0 and y > 0, then 65(l;) is strictly increasing, and the two steps are strong complements in
the sense that one cannot commence processing in Station 2 unless some processing is done in step 1 (I; > 0).

It will be useful, for clarity, to fix #; = 1. In that case, [; is not only the target but also the mean processing
time in Station 1.

The objective function takes the form

V()= <01l1 + 9;(71)12> Npe(l) -

Instead of considering [ as the decision, let us define
T1=l, Ta=13/02(71).
Then, with 7= (71,72), and (re)defining
Noo(r) = 1= brosons]
we write
V()= (c171 + o) N(7).

This makes clear that the optimization problem with processing dependence is the same as one with
outcome dependence but where the decisions are the processing times rather than the target, and where
the processing times impact returns through the sum 7, + 02(71)72. We define rate-normalized workloads as

before

W1 (T) = TlNPC (T), and W2 (T) = 92 (Tl)Tngc(T).
The following is a characterization of the attainable workload region.

LEMMA 4. Suppose that 05(m) =~ +yr with either y=0, y>0 or >0, y=0. In either case, the region
W= {(wl,w2) Z 0:37 s.t. Wl(T) = Tlec(T), WQ(T) = HQ(TI)TQNPC(T)},

18 equivalently given by
W= {(wlva) >0: wy2> fa,ﬁ(wl)}
where

a—bwy, if wy <b/a,

fa,,@(wl) =

0, otherwise,

where a,b are constants given explicitly in terms of v,y and T from (7).
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Thus, in either extreme case for our model, the attainable workload region is a polyhedron (as in the case
of outcome complementarity with 8 =1 and a = 1/2). The difference is in the objective function. Given
w = (wy,wz) € W, let 7 =7(w) be such that w; =7 Npc(7) and wy = 72 Npe (7). Then, the objective function

is given by
Wa
O2(m1(w))

In the case that v >0, y =0, we have 65(-) =~ and thus, a linear objective function. Therefore, there exists

ciwy +C2

a threshold of cost ratio where the optimal solution is of the form (0,ws) when the cost ratio is below the
threshold and of the form (w;,0) beyond the threshold.

If, instead 6,(7;(w)) =y (w), the objective function is non-linear. Moreover, because w; =7y N(7) > 74,
for any wy >0

w
chlech—QToo, as wy 0.

O2(71(w)) Yyws

In this scenario, then, we cannot have (0,ws) (for any ws > 0) as an optimal solution. Recalling that wy >

ciwy +c2

max{a — bwy,0} for any w € W, we further have that for any such w, the optimal cost is lower bounded by

Loifwy <afb

a
C1wq +027yw1 — v

c1y, otherwise

The first line is minimized at w; = \/% at the value QW —b/y. For all ¢, large enough, this is
greater than cya/b. We arrive, therefore, at the conclusion that an optimal solution of the form (w,,0) does
exist in this case.

Figure 9 is a summary of these derivations. It shows that, in both cases, at least one corner solution exists.
This suggests that process complementarity of this form is somewhat weaker that outcome complementarity

in that it does not force an optimal solution where both stations have non-negligible workload.

Figure 9 Optimal solution with 62(l1) =~ + yl1. The parameters are p=1, 6; =1 and ¢; = 1.
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Let us consider some numbers to substantiate this claim. We restrict our attention here to the case

where 605(l1) =+ yl;. The output complementarity is determined by the value of 3, while the processing
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complementarity is determined by the value of y. We consider four combinations: output and processing
substitution; output and processing complementarity; output substitution and processing complementarity;
and output complementarity and processing substitution. Figure 10 is a visualization of the optimal decisions.

We observe that the processing substitution/complementary mitigates the effect of the output substi-
tution/complementarity. Under output substitution and processing complementarity (top right plot), the
optimal {; and l> can be zero, while under output complementarity and processing substitution (bottom left
plot), these cannot be zero. This suggests that outcome substitution/complementarity has a stronger effect

than processing substitution/complementarity over the total level of substitution/complementarity.

Figure 10 Optimal [1,l; for different outcome/processing substitution/complementarity. The parameters are
0=1, 01 =1, 62 =0.6, ¢c1 = c2 = 1; for the outcome substitution/complementarity: « =0.5, v=0.1,
B =1 and 3 =0.25; for the processing substitution/complementarity: y =0 and y =0.1.
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Numerical results for the mixed model v,y > 0 with multiple types and finite capacity show that the

optimal solution exhibits similar structural properties to the case of outcome substitution/complementarity.
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B.3. Incorporating Re-Work Probability Up to a Predefined Time

The re-work probability, as defined in (2), is the probability of a positive-drift BM, Bf", starting at I; + l3
to hit 0 in finite time. In this section we study the case where the re-work probability is the probability of
B?Y" to hit 0 in a predefined time 7" > 0.

The first time passage distribution at 0 of B" that starts at I; + I has the possibly defective PDF (see,
e.g., Bhattacharya and Waymire 2009, Chapter 1, page 27):

- l1+lz (—ll _ZQ_U(Z)t)z
J(H) = V270,13 P ( 202t '

The re-work probability pr(I) as a function of 7' can hence be calculated by

pr(l) = / f,()dt.

Figure 11 illustrates the solution structure for different values of T'. We derived it by numerically calculating

pr(l), and solving (12) when replacing p(l) with pr(1). We observe that both stations’ efforts increase with
T. This is because for a fixed effort mix, the re-work probability increases with 7T’; to overcome this, the

discharge threshold I; 4[5 is increased. The solution structure, however, remains the same as our base model
with p(1).

Figure 11 Solution structure when the re-work probability is up to time 7. The parameters are p=1, 6; =1,
92 = 0.6, CcC1 = 1, a=0.7.
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The results are basically identical to our base case and this can be explained by alluding to the attainable
workload region foundation of our earlier results. Specifically, let us define, as before, Ny (1) = (1 —pp(1))~!

and W;(1) =1;N(1). Fixing z € [0,00), we have that, with the constraint that wy/w; = z,
wy > Fy(z) = n}inllNT(ll,zll). (20)
1

This function plays the role of I'/h, s(z) in our baseline model. The constraint on ws is wy > wy F, ' (wy).

Thus, the attainable workload region is given by

W= {(w1,wz) >0: wy >w Fy * (wy)}
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This feasible region is depicted in Figure 12 for o =0.7 and two different values of 5. As before with g =1,
the feasible region “hits” the axis at a non-trivial angle; it asymptotes to the axes for 8 < 1. As in the baseline

model, we end up with three cost regions when 8 =1 and only interior solutions if 8 < 1; see Figure 11.

Figure 12 Feasibility region for different T'.
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B.4. Incorporating Quadratic Holding Costs and Variance in Processing Times

In this section we explore the solution under a quadratic holding cost structure, which brings up the recovery
variance of coefficient, 02 and o2, in Stations 1 and 2, respectively. This variant is inspired by Bavafa et al.
(2022).

Recall that 71(0,1;) and 72(l1,l; 4+ l2) correspond to the (random) length of stay in Stations 1 and 2,

respectively. Consider the following holding cost functions:
Ci(h) =c1 (m(0,1))%,  Ca(ls) =co(ra(li, 1 +12))%,

for some cy,cs > 0. Standard results for the hitting time of Brownian motions yield

Lh—a Lh—a\’ l L\° l 1L\?
E(Tl(avll)f:ileg Jf‘*‘( 10 ) ; E(Tl(oJl))Q:o%U%‘f' (91) i E(re(l, +lz))2:9%03+ (;) .
1 1 1 2 2

1

The total journey cost for an item, as a function of the decision [ = (I1,ls), is, therefore, given by

l I\ ?
2 2
+N(l)62 [@U§+(92> ‘|

ll—a 2

ll —a 2] ll ll 2
V)= [ 7 o5+ ( 7 > +(N() -1y [eiiaf + (91 2
l1 —a o l1 —a 2] ll 2 ll 2 l1 9 l1 2 lg 2 lg 2
= — —_— —_ N —_— —_ [ J—
¢ [ 7 o1+ ( 7 ) ¢ l%’ o1+ b +N() [ e 5 o + b 5 o5+ 5
o l]_ 2 l]_ 2] 12 9 ZQ 2 a a2 — 2[10/
- ( [9+(9) relan ) ) \a e )

Similarly to the linear-cost case, the workload set can be constructed, so that v(w) is the objective function

+c2

in terms of the rate-normalized workload. Figure 13 illustrates the objective function V(w) as a function of
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Figure 13 Solution structure for quadratic costs for different coefficient variances. The parameters are o =1,
91 21, 92:0.6, C1 21, (X:O‘7, ﬂ:0.5, 0'120'221.
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w; and ws. The right plot is a top-down view that makes evident the convex boundary of the attainable
workload region.

Figure 14 illustrates the solution structure when oy /03 =4 and when o /05 = 1/4. The variability has the
expected effect of increasing the cost. That is, if the variability in Station 1 grows (with all else remaining
the same), more work will be allocated to Station 2. The results, however, do not fundamentally change

compared to our baseline linear cost case.

Figure 14 Solution structure for quadratic costs for different coefficient variances. The parameters are o =1,

91:1, 92:0.6. 61:1, 0'1:1, a:0.
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Figure 15 illustrates the optimal transfer threshold /; and the optimal re-work probability p(1) for different
initial scores. We observe that as the initial score improves, the transfer threshold to Station 2 increases.
This is because the cost function is (I; — a)?, and its derivative is 2(I; — a). The higher the value of a, the

smaller the cost derivative; hence, you might actually increase [; further in the first station and do less in
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the second station to save on costs. Furthermore, the re-work probability decreases with an improved initial
score; as items arrive with a better quality score, we can provide a less costly and more effective service,

resulting in a smaller likelihood of re-work.

Figure 15 Optimal [; and p(l) for different initial scores. The parameters are p=1,60, =1, 6.=0.6, c1 =1, o1 = 1.
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B.5. Limited Capacity with Resource Sharing

In many systems some resources can be shared between the stations. In this case, we face a constraint of the

form

-

L(I1)=(N/01)- W)+ (\/02) - W3(l) <C

We, therefore, want to simultaneously set the the stations’ effort mix and the resource sharing between the

stations.

Let C denote the total resource amount for both stations. We consider the following resource sharing

problem:
min  (Acy/61) - Wi (1) + (Ae2/62) - W3 (1)
=0 (21)
st (V62 W)+ (M62) - Wi (1) < O
For a vector (of pairs) w = ((wi,w3),... (wk,wk)), let w, = (wi,...,wk) be the sub-vector that has the

first coordinate from each pair and similarly define wy for the second coordinate. Then, (21) is equivalently
formulated as
min  (Acy/01) w1+ (Aea/02) - wo
st (A/01) - w1+ (A/02) - wa <C, (22)
we WX,
Since all input must be processed, some capacity levels C' might be infeasible. The set of feasible capacity
vectors C' is given by

Cs={C>0:3>0, s.t. L(I)<C}.



47

Lemma 5 characterized the optimal effort mix and the optimal resource sharing for a given total capacity

C.

LEMMA 5 (optimal resource sharing). Fiz capacity C € Cy. Let I;(+) be the solution for type k items

in Theorem 2, as a function of the relative cost. Then, the unique solution I* to (21) is given by

i =0(R;), ke K],

~ [+ E k+k
m=m (55 (%)
2 1

-

and k is the minimal non-negative value for which L(I*)(R°) < C. The optimal capacity allocation to each

station is C; = (N/01) - W7 (1), C5=(N\/02) - Wi(l*).

where

Proving Lemma 5 is argued identically to Theorem 4.

The dual variable & for the resource constraint scale up/down the relative cost. If ¢; < cq, the relative cost
is shrunk for all item groups. The factor by which it is shrunk depends on the baseline costs c¥, ck. This, in
turn, diverts more effort to Station 2, the more expensive one. If ¢¥ > ¢k, however, the relative cost is scaled
up for all item groups. This, in turn, diverts more effort to Station 1, the more expensive one. If ¢¥ = ¢4, the
relative cost remains intact.

Important is that—because the finite capacity is mapped to a perturbed price Re and because ly is
increasing and R and l5 is decreasing—the capacity allocated to the two stations is not increasing in total
capacity. Instead, as the total capacity increases when c¢; > ca, less of it is allocated to Station 1 and more
of it is allocated to station 2. This is illustrated in Figure 16. The right plot shows the optimal capacity
allocation for Stations 1 and 2 vs. the available capacity C. When there is ample capacity, most of the
capacity (90%) is allocated to Station 2 — the less costly one. However, as capacity becomes scarce, more

capacity is allocated to Station 1 and less to Station 2. When ¢; < ¢z, it is the other way around.

B.6. Throughput Maximization

Throughput maximization is a special case of an optimization problem over W. Specifically,

A= max A

w1, w2,A

s.t. /\w1/91 S Cl; Aw2/92 S CQ;

w1, W2 eWw.

It is immediate that, at optimality,

. : {0191 0292} . {0191 0292}
A" =min = maxmin , .

)
wi ws wWEW w1 Wa

This is a problem of maximizing the concave function
: {Cl 01 Cabs }
g(w) =min ,—— p.

wq w2
over the convex set W; it is, hence, a convex optimization problem. Per Lemma 8, the feasible set shrinks as

B decreases. In turn, the throughput is monotonically decreasing in S. Stated verbally, this shows that the
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Figure 16  Optimal resource sharing as a function of the available capacity C for k € [5], where each k corresponds
to a different value of 3. The left plots present l'f/lg, and the right plots present the optimal capacity

allocation C7 and C3. The parameters are p=1, 61 =1, 02=0.6, \p =1, c1 =3, c2o =1.
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model and its math are consistent with prior intuition: the greater the substitution, the more throughput
we should be able to handle, because substitution allows flexibility to spread out the load.
To state this formally, with multiple types we make the assumption that the mix is fixed and it is the total

volume that changes. That is, \* = Aa*, where a* >0 and > ke[ ak=1.
A" =max A
W,

k
a

g eng < (s,
2

ke[K]

k
st A Y %wfgcl; A
ke[K] 1
weWwx.

LEMMA 6. Given Cy,Cy >0, the mazimal throughput can be found by solving a convex optimization prob-

lem. The optimal solution is increasing in B: the greater the substitution, the greater the throughput.

B.7. Incorporating Re-Work from Station 2 to Station 1.

Some fallback in Station 2 can be handled within Station 2’s environment. Some cases, however, require
intensive intervention in Station 1. In this section we analyze the case where quality deterioration and re-work

can occur while in Station 2.

Figure 17 Model illustration with re-work from Station 2.
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Specifically, if item’s quality score hits some re-work threshold a < 0 while in Station 2, the item is returned
to Station 1. In other words, items stay in Station 2 until their quality score either reaches Iy + Iy (when

they are released) or zero (when they are returned); this takes, in expectation,

- lz(l — 691192) + ll(l — €_Ql292)
o 0, (6*91292 — @Ql192) ’

ma(l):

We now distinguish between two types of re-work: The first occurs after Station 2; the expected number
of these returns remains N(1).

The second type of re-work occurs while processing in Station 2; the expected number of returns from
Station 2 is Ny(1) :=[1 —py(I)] ", where

e—ol202 _

p2(l) =

T e—olabz _ pol162

is the re-work probability from Station 2 — the probability of hitting zero before hitting level i1 + I5.
The total costs of Stations 1 and 2 are then given by

Station 1 cost =c¢; my (1) [N(1) + Na(1) — 1];

Station 2 cost = co ma(l) [N (1) + Na2(1)].
We are, therefore, looking to solve
V*=inf V(l,d) =inf Station 1 cost 4+ Station 2 cost. (23)
120 1>0

Figure 18 illustrates the solution structure when the re-work threshold from Station 2 is a = —1. We
derived it by numerically solving (23). In this example and many others we examined, the solution structure
is consistent with the one derived in §4, demonstrating the solution robustness. Moreover, we see that in
contrast to the base model and its variants that we considered, having 8 < 1 does not guarantee that (I1,ls)
changes smoothly with cost. Instead, there is a jump at a cost-threshold cost as in the case where =1 and
« =0.5. This is certainly specific to our construction of this variant; nevertheless, it showcases the richness

of the type of behavior we would observe as we introduce additional features.

Appendix C: Data Requirements and Parameter Estimation for Model
Implementation

Estimating the quality-evolution parameters 8, o from service-time samples. While our
model stipulates that quality evolves as a positive-drift Brownian motion, the drift and variance parameters
can be estimated without directly observing the quality path. Instead, we can rely on station-level processing-
time data. Under our model, processing times follow an inverse Gaussian distribution—a distribution widely
used for modeling and estimating service times (see Whitmore 1975, 1979 and the recent Hashimoto et al.
2023).

The required data include the processing times of items at each station and for each visit. Such data are
typically recorded systematically in operational databases. From these data, we can estimate the parame-
ters of the inverse Gaussian distribution, which correspond to [I;/6; and (I;/c;)? for each station i. These

parameters can be obtained using standard maximum-likelihood estimation methods.
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Figure 18 Solution structure when there are returns from Station 2 to Station 1. The parameters are o =1,
9121, 92:0.6, 01:1, Oz=0.5, a=—1.
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In practice, the quality thresholds I; can be obtained either directly or indirectly. They may be directly
observed, for example, when quality or performance scores are recorded at transfer or release, or inferred
from design-level targets used in engineering or service planning. When [; is not directly observed, it can be
estimated jointly with 6; and o; by fitting the inverse-Gaussian likelihood to the observed processing-time
data, treating [; as a latent parameter inferred from the same data. Because [; enters both the mean and
the shape parameters of the inverse-Gaussian distribution, any measurement error in /; propagates to the
estimated drift and diffusion parameters (6;,0;). However, since the inverse-Gaussian likelihood depends
on [; only through the ratios l;/6; and l;/o;, a small multiplicative error in I; can be absorbed by a roughly
proportional rescaling of 6; and o;. Consequently, such error primarily affects the overall scale of these
parameters rather than their ratio 6;/0;, leaving the process dynamics and identification largely unchanged.
Substantial mismeasurement, however, would proportionally rescale predicted processing times and re-work
probabilities, as these quantities depend directly on the magnitude of [;.

Subsequently, we estimate the quality score at transfer or release to build estimates for 6; and o2.

Estimating the substitution parameters a,3 from realized re-work. The parameters of
the CES production function, o and 3, can be estimated via maximum likelihood using item-level data.
Assume we have a dataset of m items, indexed by j, each possibly generating multiple visits. For item 7,
let N; denote the observed number of visits until final completion (no further re-work). Under our model,
all visits for the same item share the same re-work probability p, s(li,l2), so that N; follows a geometric

distribution with success probability 1 —p, 5(l1,l2). Hence, the likelihood contribution of item j is

L]-(Oé,ﬂ) = (1 7pa,ﬁ(l1a12))pa,ﬁ(llvl2)Njila
and the total likelihood is L(a, 8) = H;n=1 L;(a, B). The corresponding log-likelihood is

Ua.B) =" [1og(1 = pa,allr.L2)) + (N; = 1) log(pas(lr, 12))] -

=1



o1

Maximizing this likelihood yields consistent estimates for o and 8 while properly accounting for the depen-
dence across visits generated by the same item. Synthetic simulation experiments, described below, assess
the finite-sample precision of the maximum-likelihood estimator and confirm that it accurately recovers the
true parameters even in moderate sample sizes.

If, in addition to binary re-work indicators, data on the time elapsed between release and re-work were
available, the estimation procedure could be extended to use this richer information. Under our model, post-
release quality evolves as a BM with drift n(l1,l2) and diffusion coefficient o,,., so the time until re-work
corresponds to the first-hitting time of this process, which follows an inverse Gaussian distribution. While our
current approach infers these post-release parameters indirectly from re-work probabilities, observing actual
return times would allow them to be estimated directly from their likelihood function, thereby providing a

dynamic validation of the post-discharge process.

Synthetic Precision Check. To evaluate the accuracy and precision of the item-level maximum
likelihood estimator, we conducted a synthetic simulation calibrated to the maintenance setting. Each repli-
cation simulated m independent items, where item j’s thresholds (I ;,[> ;) were generated with independent
variation in their total effort l; ; +15 ; and in the relative mix between Station 1 and Station 2, so that overall
scale and allocation effects were varied separately rather than by sampling [, ; and I, ; independently.

For each item j, the number of visits /V; was drawn from a geometric distribution with success probability
1—p;, where

P = DPas(lijl2;) = exp{—nas(l1;,l2;)(l1; +12;)}

denotes the re-work probability defined in (3). The true parameter values (ay, 59) were fixed at four rep-
resentative combinations corresponding to strong substitution (8 = 1) and three levels of complementarity
(0.5,0,—0.5). For each design we ran 300 replications with sample sizes m € {500,1000}. Table 3 reports the

resulting mean number of visits and the bias and root-mean-square error (RMSE) of the estimators & and

B.

The results indicate that both parameters are estimated with high precision even in moderate samples
(m = 500), and that bias and RMSE decline further as the sample size increases. Across all designs, the
bias in « is negligible (|bias| < 0.01), while the bias in 8 remains below 0.08 at m = 500 and below 0.05 at
m = 1000, with RMSEs typically under 0.10.

Appendix D: Parameter Calibration for Maintenance Example

To provide an empirical grounding for the stylized Maintenance Example, we consider large-scale industrial
and facility maintenance tasks such as those performed on power-generation turbines, compressors, and other
heavy-plant equipment. These systems involve two sequential activities: an initial repair stage followed by
preventive service performed while the equipment remains offline.

Station 1 (Repair) represents corrective actions that restore functionality— for instance, replacing a
failed generator bearing, realigning a gearbox, or repairing electrical components. Station 2 (Preventive
service) represents inspection and tuning activities— such as lubrication, recalibration, torque checks, or

component balancing—that enhance long-term reliability and reduce the probability of future re-work.
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Table 3  Simulation-based evaluation of the item-level MLE under per-item thresholds.

Design (ag,8p) m  Mean visits / item & B

Bias RMSE Bias RMSE

(0.60, 1.00) 500 1.230 -0.0085 0.0408 -0.0713 0.1272
(0.60, 1.00) 1000 1.229 -0.0049 0.0319 -0.0502 0.0917
(0.60, 0.50) 500 1.286 0.0022 0.0396 0.0311 0.1568
(0.60, 0.50) 1000 1.288 -0.0013 0.0272 0.0089 0.1027
(0.60, 0.00) 500 1.395 0.0019 0.0297 0.0084 0.1090
(0.60, 0.00) 1000 1.394 -0.0002 0.0209 0.0100 0.0755
(0.55,-0.50) 500 1.542 -0.0006 0.0349 0.0059 0.1408
(0.55,-0.50) 1000 1.540 -0.0006 0.0237 0.0024 0.0904

Industry studies and field reports on wind-turbine operation and maintenance indicate that the scope
and time requirements of these activities vary widely across sites. Facts (2024) notes that regular service
campaigns often involve full-day maintenance windows that include inspection, cleaning, calibration, and
documentation tasks, while Committee (2017) highlights that corrective interventions—when a specific fault
has been identified—typically achieve a faster improvement in the asset’s operational condition per hour of
work, even though they may target a smaller subset of components.

Anchoring to these observations, we set the quality-improvement rates (Brownian drifts) to
6, =0.15 h™" (repair) and @, =0.10 h™' (preventive service),

reflecting that corrective actions directly address known issues and thus improve the quality state more
rapidly per hour, whereas preventive activities yield slower but more comprehensive gains that sustain
reliability over time.

For labor costs, we use U.S. Bureau of Labor Statistics (2024) medians—repair tasks corresponding to
industrial-machinery mechanics (SOC 49-9041) and preventive-service tasks corresponding to equipment or
quality-control technicians (SOC 51-9061)— augmented by a conservative 40-60% overhead. This yields
1 €[$40,$50]/hr and ¢, €[$35, $45]/hr; therefore, we set ¢; =45 and ¢y = 40.

We take = 0.4 and explore 8 € {1, 0.5, 0.25, —4, —25} to span the range from substitution to comple-
mentarity between repair and preventive service. Here, & = 0.4 indicates that greater weight is placed on
Station 2 (preventive service) in the aggregated-quality function: while repair is essential to restore basic
functionality, preventive service has a larger marginal influence on long-term reliability and re-work reduc-
tion. These values reflect realistic maintenance durations for large assets, confirming that the comparative
statics are plausible for real operations.

Under these inputs, the optimality conditions in Theorem 2 produce the order-of-magnitude solutions

summarized in Table 4.
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Table 4 Order-of-magnitude calibration for the maintenance example.

B Interaction type (13,13) Optimal mean durations (hours)
1 Full substitution (1.7723,0) (11.8, 0)

0.5 Mild complementarity (0.9435,0.6744) (6.3, 6.7)

0.25 Moderate complementarity (0.8957,0.7718) (6, 7.7)

-4 Strong complementarity (0.8087,0.78) (5.4, 7.8)

-25  Full complementarity (0.7957,0.79) (5.3, 7.9)

D.1. Finite-Capacity Calibration

To examine how limited preventive-service capacity affects the optimal design, we extend the calibrated
maintenance example to a setting with a finite number of preventive-service workers. We consider two
representative capacity levels for the preventive-service stage, C; € {6,10}, and five degrees of interaction
between preventive service and repair: 8 € {1,0.5,0.25, —4, —25}. The corresponding optimal thresholds and
mean durations are reported in Table 5.

The results illustrate how the capacity of the repair stage shapes the system’s overall performance. When
repair capacity is tight (C7 = 6), the system relies more heavily on preventive service to sustain quality, as
reflected in the longer preventive durations across all interaction levels (8 values). Under strong or full com-
plementarity (8= —4 and —25), limited repair capacity substantially reduces the effectiveness of preventive
service, resulting in particularly long processing times at Station 2. When capacity increases (C; = 10), both
stations operate more efficiently, and the preventive durations shorten accordingly. Overall, these patterns
confirm that capacity constraints amplify performance losses in complementary systems, whereas their effect

is less pronounced when the interaction between stages approaches substitution.

Table 5 Calibrated optimal thresholds and mean durations (hours) under finite repair capacity.

Optimal thresholds (I3,13)

Mean durations (hours)

B
C,=6 =10 C,=6 =10
1.0 (0.2146,1.27) (0.3580, 1.15) (1.4, 12.7) (2.4, 11.5)
0.5 (0.2146, 1.38) (0.3580, 1.21) (1.4, 13.8) (2.4, 12.1)
0.25 (0.2146, 1.46) (0.3580, 1.24) (1.4, 14.6) (2.4, 12.4)
4 (0.2146, 4.44) (0.3580, 2.44) (1.4, 44.4) (2.4, 24.4)
—25  (0.2146, 5.43) (0.3580, 3.03) (1.4, 54.3) (2.4, 30.3)
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Appendix E: Additional Numerical Experiments

This section presents additional numerical experiments designed to illustrate the robustness and practical
implications of the analytical results. All numerical results were obtained using standard MATLAB routines;

the solution of a single instance requires under 0.01 seconds on a laptop CPU.

E.1. Sensitivity to Parameter Misspecification

Table 6 presents the results of a sensitivity analysis. Each parameter was independently perturbed by +10%
around the calibrated baseline reported in Appendix D, while all other parameters were held fixed. The
columns labeled “A Mean Duration (hours,%)” report the absolute and relative changes in the average
processing time at each station relative to the baseline solution (5.4 hours for Station 1 and 7.8 hours for
Station 2; see Table 4). Across all scenarios, the variation in mean duration remained below 2.5%, indicating

that the optimal design and operating regime are highly robust to moderate parameter misspecification.

Table 6 Sensitivity of the optimal design to parameter misspecification. Each parameter is varied by £10%

holding others fixed. Rows for ¢; and 0; are consolidated as they enter only via ¢;/6; and R°.

A Mean Duration (hours, %)

Parameter Baseline Change 7 I3 Station 1 Station 2

o 0.40 +10%  0.79-0.82 0.77-0.79 0.1 (1.8%) 0.10 (1.3%

B —4 +10% 0.8-0.81 0.78-0.79 0.03 (0.6%) 0.05 (0.6%
c1/04 300 +10%  0.79-0.83 0.77-0.8 0.13 (2.5%) 0.15 (1.9%

(
(
(
(1.9%

)
)
)
)

ca/02 400 +10%  0.79-0.83 0.77-0.8 0.13 (2.5%) 0.15

E.2. Comparison with Other Benchmark Policies

Although our proposed policies are analytically derived, proved to be optimal, and admit closed-form expres-
sions, it is instructive to compare its performance with other intuitive benchmark policies that are often used
in practice. We consider two such benchmarks that reflect simple, decentralized decision rules.

Cost-Priority Policy. This benchmark prioritizes effort allocation to the more cost-effective stage—that
is, the station with the smaller effective cost ratio ¢;/6;. Such a rule captures cost-driven decision making
guided by immediate efficiency considerations rather than joint optimization.

Decentralized Policy. In this benchmark, each station determines its own quality threshold as if it were
operating independently, ignoring the interaction captured by the complementarity or substitution parame-
ter 8. This represents an uncoordinated design, where local optimization occurs at the station level rather
than through a system-wide perspective. In practice, this corresponds to departments or teams setting their
own operating targets without accounting for cross-stage effects.

Table 7 compares the optimal integrated design with the two benchmark policies across different levels of

substitutability and complementarity, as captured by the parameter 5. When 5 < 0, the benchmarks that
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deactivate one stage become degenerate, as effective quality collapses to zero when only a single station oper-
ates. In contrast, the integrated policy consistently delivers superior outcomes across all interaction regimes,
achieving substantial cost savings relative to both benchmarks. These results underscore the operational
value of jointly optimizing both thresholds and highlight the importance of coordinated decision-making

within an integrated framework.

Table 7 Comparison with benchmark policies. “Degenerate” indicates that the benchmark collapses under

B <0, yielding n=0.

Objective value Cost saving (%)

B Optimal Benchmark 1 Benchmark 2 Benchmark 1 Benchmark 2

1 743.3 743.3 1,117.5 0.0% 33.5%
0.5 772.8 1,346 1,588 42.6% 51.3%
0.25  773.7 6881.5 3347.2 88.8% 76.9%
-4 775.3 Degenerate 819.8 - 5.4%
-25 775.3 Degenerate 847.6 - 8.5%

Appendix F: Proofs of Main Results
This section contains the proof of the main results (propositions and theorems). Proof of all lemmas appear
in §G.

Proof of Theorem 1. We will prove this through explicit characterization of the constrains that define

the set WW. We break the space into “rays”:

W, = {w1,IU2 ew, L2 ZZ}
w1y
For wy,ws, €W,

wy = (wy)z > zmin 14N (I, zly).
11>0

Let us expand the right-hand side of (28)
LN(ly, 20y) =1y [1—ermentsti+n] =

~1
_ ll |:1 _ emgl%(a+(la)zﬁ)/l3(z+l):|

1 -1

= ———=1\/has(2)h {1 — e_"_l%]hmﬁ@)}
h, 5(2)
where

h,s(z) = Q(a—i— (1 —a)zﬁ)% (z+1).
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Changing variables by defining y = \/h,, s(2)l1, yields the following

. 1 . 2t I,
wy = min ILN(ly, 2l) = \/ﬁﬁggy [1—6 Y } = m,
where
X 9 -1
o]
Notice that I', does not depend on «, 3, or z.

Transformation then gives us

T2 12
2 v v —1 v
= = ]ha = —3 = - ]h 9
o ]haﬁ (Z) ’ (Z) w% ¢ < >
and thus,

wy = 2z (w1) = (w1) hy s <F32> :

Since wy > 0, the set W can now be rewritten as

FQ
W= {w17’lU2 ZO Wao zwllh;l@ (;)}
, w?

Since I', is independent in z, W is a convex set provided that the function

(T
frslwn) = (b} (1)
is convex.

We will prove this convexity by showing that f/ ;(w;) >0. The following representation will be useful

so that

fas(w)=m (g7 (w1)).

First, we introduce the following auxiliary lemma.

LEMMA 7. The function g(z) =T, /+v/h, 5(2) is monotone decreasing in z for o >0.5.

The first and second derivatives of f, 5 are

Fo ) = (g7 (1) ——

g (g~ H(w1))’
and

T S S PR e )
st = ) () o o7 o) (=)
m (g7 wn) g (g7 ) =m (g7 (wn)) g (97 (wi)] -

Per Lemma 7, ¢'(z) < 0; therefore, it suffices to prove that the second-line term in brackets is negative;
namely,

m"(2)g' (z) —m/(2)g"(2) <0, Vz>0.

This is what we do next.
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Direct differentiating yields that
L(z)
422(14 2)3 (a+ (1 —a)z8) 25

m”(2)g'(z) —m/(2)g" () =

where

L(z)=—2"1-0a)*-22a®+22°(1—a)a(-1-2(1+2)+B+2(2+2)8).

Since the denominator in (25) is positive, it suffices to show that £(z) is negative for all z > 0. Since £(0) =0,
we need to show that £'(z) <0 to conclude that £(z) <0 for all z>0.

Direct differentiation gives
L(z)==2B2""TP(1—a)®+227"° (B°(1+2)* —2(1+22) + B(—1+ 2+ 2%)) a(1 — a) — 2za°.
In turn,
L'(z) <a(z):=—-282""TP(1—a)? +227"° (B°(1+2)° —2(1+22) + B(—14+ 2+ 2%)) a(l — ) — 2z0°.
Since a(z) <0, if and only if, z17%a(z) <0, for all 2> 0, we proceed with
#7Pa(z) ==282"(1—a)’ +2[(B°+ B —2)2> + (282 + B— 1)z + > — ] a1 — a) — 22" P®.
Since 8 <1, we get that 82 +3—-2<0, and 82— 3<0, so that
2 Pa(z)=-2B2"(1—a)* +2[(B°+B-2)2" + (267 + 8- 1)z + ° - ] a(l —a) — 22> P

Now, if 282 + 3 — 1 <0 (equivalently, 8 <0.5), then 21 =%a(z) <0, and we are done. It remains to consider

the case where > 0.5. In this case,
2 Pa(z) <=2 (B2 (1—a)® = (28° + B —1)za(l —a) + 2°Pa?).

It can easily be verified by differentiation that the right-hand side is decreasing in « € [0.5,1], when 232 +
B —12>0. We can then take o« = 0.5 (recall that a > 0.5 by assumption), and get that

2 Pa(z) <-0.5 (82" — (28°+B—1)z+2°7F).
Dividing further by z, we seek to prove that
—0.5 (B2 = (282 +B-1)+2""7) <0,
or equivalently,
B2t 282 —B4+1>0. (26)

Define
h(z) =Bz~ 4+ 2177,

Then, h(z) has a unique minimum at

2r=p" 2D . and h(z*)=2y/8.
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Thus, to prove (26), it suffices to show that

2\/B—23*—B+1>0.

Since this is a decreasing function in 3, which equals 0 at the upper boundary, 8 =1, we are done.

We conclude that £(z) <0, Vz >0, and that the function f, s(w1) is convex. Note that in case where 5 < 1
(strictly), 8%+ B8 —2<0, and 2 — 3 <0, so that z'~?a(z) <0 (strictly), and therefore, f, z(w,) is strictly
convex.

Lastly, we prove (10) for n stations; n =2 is then a special case.

Specifically, let (I1,...,l,) denote the transfer target from each of the n stations. The service cost, drift
and diffusion coefficient of each Station ¢, i=1,...,n are ¢;, 6, and o;.

The constant elasticity of substitution (CES) production function for n stations is:

1
n B
i=1
where > | o’ =1; we use henceforth « for the probability vector oy, ..., a,.

The workload in Station 7 is

Wi (1) :)\g (1), and W7 (1) = LN (D).

As before, we first break the space into “rays”:

1

WZ{wGIR{’erW, “’"zn}.
w

where z = (1,22,...,2,).
For weW,,
wy > Hlé% 11N (l12); (28)
Wy, = W12y = 2pmin 13N (11 2),
1,>0
where [y z is the vector l;2 = (I1,l22a, ..., 1, 2,).

As in the proof of Theorem 1 we then have

1 271 T
wy =min 1 N(ly,z2l;) = ———=min [1—6*”*1’} =2
L W) = O o)
where
r i —ry?] 7
=nigy -]
and ,
bos(2) =0 ( +zaizf> (1 +zzi> .
i=2 i=2
The attainable workload set in terms of w; and the multipliers z is then given by those w1, z22,...,2, >0

such that

1
- Ihoc IR Rad (% Soa
w, (22 Zn)
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Substituting w,, /w, = z,, we get

1
W .= {wERi : w—f¢ha7ﬁ(w2/w1,...,wn/w1) SO}
1

Basic manipulation (extracting w;) gives

1
\/]ha,ﬁ(wg/wl,...,wn/wl) = n(w)(e-w),
1
which then gives

W—{weRizll n(w)(e-w)SO}—{w€Ri:n(w)(e~w)Zl},

wy Wy
as stated.
Finally, we prove that W is a convex subset of R"}.
The production function 7(w) is concave in w € R’ for any probability vector o and 8 < 1. It is, in
particular, log-concave. The function (e-w) is trivially concave and hence log-concave. The function n(w)(e-
w) is the product of two log-concave functions is itself log-concave; it is, in particular, quasi-convex. The

contour set W = {w € R’} :n(w)(e-w) > 1} is then a convex set. Q.E.D.

Proof of Proposition 1. Direct differentiation gives

12 IR
F1p(wn) =hz () -
wl o

w?

As wi twd, z(w) =h (T%/w?) | 0, by definition of w?.
Since w{ =T'//h, (0) > 0, we have

lim [ () = — o)
1im w = — 1m .
mmy Fes(01) =~ I 5

Therefore, we proceed by focusing on lim. o h/, 4(2).
Recall that,
1
h,s(z) =0 (a+(1—a)2")? (2 +1);

W, ,(2) = (a+(1-a)2") 7 + (a+ (1-a)2*) F " 27 (z+1)(1 - ).

Therefore,
) ) oo, A<
limh), ;(2) =a? +ai t(1-a) 1=
=0 1, if =1,
where the first equality if because % —1>0, and the second equality is because z°~! — co when 3 < 1, and
2P~ =1 when 8= 1.
We conclude that
0, if p<1;

lm f 5(w1) = >
witw - (12“1:1))2 =", if 5 =1.
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Next, we similarly consider the limit as y ] 0. In this case, z(y) 1 co. It can be verified that

]h;,ﬁ(z) N

2(1—a)%, as z T o0.
z

Since h, s (z(w1)) =T?/w?, we get that

2 2 2h, 5 (2(w1))
o) =hh (s ) - () - s C12)),
SN @) e, (0 () Bas ()
Let us focus on the second term
2h 2h 2h 1
g i G0) s () MosG) )z a4
wilo b 5 (2(wy))  =tee hl 5(2) =t bl 5(2) /2 2z

where the last equality is because

=(1-a)f(14+2)+(1—-a)fa

7N
—
S|+
W

N~

In turn,

i 222 054
w110 z(wy) 2too

(1+z> 0.5q, if =1,
) —o0, if B<1,
and, therefore,

lim f* = —o00, wh <1.
ylﬂ)lfaﬂ(wl) 00, when 3

For the special case =1, it is not enough that

lim 7&5(101)

— 050,
vl z(wn) “

since we want to show that f, ;(w;) — constant. For 8 =1,

Mop(z) 204+7)(a+(1-a)e) (1+2) (a5 +1)

b, 4(2) 14+2(1—a)z B Q(TZ)ZH

:(14—z)+%+0(1)7 as z 1 oo,

so that,
, )~ e (2(w1))
fa,ﬁ(wl)_ ( 1) ]h:xg(z(wl )
= 2(w2) ~ (14 2(w)) = 72 — (1) =~ —o(1),

or, stated equivalently,

Q.E.D.



61

Proof of Theorem 2. Recall our optimization problem

min  w; + R w,

wi,wz>0

s.t.weWw.
Then (see for example, Bertsekas 1997, Proposition 2.1.2), w* is an optimal point if and only if
(1,R%) (w—w*) >0, YweW.

We will prove two claims:
1. If B =1, there exists R small enough, for which w* = (0,w3). If 8 =1, there also exists R° large enough,

for which w* = (w?,0).
2. If B < 1, the optimal solution always has wy,ws > 0.
We start with 8 =1. Take as a candidate for optimality w* = (0,w3J); then, for each w € W,

wy +R° (wg — wg) > 0. (29)
If wy > w), there is nothing to verify, so let us assume wy < w3. Recall that

ap 1 (T2
Wy > fo 5(wr) =wih, 4 (11)2) .

1
Hence, (29) holds, in particular, if

wi +R° (fa,,e(’w1) - wg) =w; — R (wg — fa,ﬁ(wl)) >0.
Recall that for 8 =1, the derivative is in [—v1, —72], where 1,72 € (0,00), hence,
wy —R* (w(z) - fa,,@(wl)) > w; — Ryw;.

This expression is, in turn, positive for all w; <w? provided that Ry, < 1.

For w; > w?,

wy +R° (w2 fwg) >wd — RewS,

which holds as long as R° < w?/w$.

Combining the above, we have that w* = (0,w9) is optimal for small enough R¢. The argument for large
R¢ is similar and omitted.

For 8 <1, let us again consider w* = (0,w3); we show that it cannot be optimal. Proceeding in the same
way as before, notice that given wy, w; + R°(we — wj) is minimized at f, s(w;). We will show that for any

Re >0, there exists w; small enough, such that
w1 + R (fa,s(wr) —wy) <O0.
Recall that w9 = f, 5(0) and that f/ ;(w;) = —o0, as wy | 0 because 8 < 1. Thus, given R® small enough,
such that f/ ;(w1) < —2/R°, then
2
wq + R (fayﬁ(wl) — wg) S w1 — Rcﬁwl =—w; < 0.
The argument is similar for y = (w?,0), and is omitted. We, therefore, showed that there will never be a
corner solution when 8 < 1.

Note that with the exception of the case where 5 =1 and a = 0.5, the optimal solution is unique. This

follows from the strict convexity at the end of Theorem 1’s proof. Q.E.D.
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Proof of Proposition 2. Let us start from item (iii). Per Lemma 8, the function f is increasing in 8
for each w;. In particular, the set Ws, CWg, if 81 < 2. In turn,
V (B2, R) := wrenvivréz (w1 +Rwsq) < wrenvivr;1 A (wy + Rewy) =: Vg, .
We turn to (i). Per Lemma 2, the optimal ratio z* is achieve at the point where
2h, 5(2)\ 1
- (Z_ B, () ) TR

At z =1 (where w; = ws), the left hand-side evaluates to
2h
_ (z_ ,a,6(2)>
]hoz,B (Z)
which does not depend on S.

At z=1, wy =T//h, 3(1) =T/+/2g¢ and I3 =1;. Thus, n(I*) =13 =13, so that I* solves

1 r
T = = =
Wi(l)=ULN(,l) =0k | o202 oTh

_ 2a+1
=1 2(l—a)+1’

which is an equation that does not depend on f.

Finally, we turn to (ii). Again, we use the fact that the optimal ratio z* uniquely solves

- %a,ﬁ(z)) 1

95(2) =~ (2 ., ) R

First, we note that because f is convex, the right-hand side (which is —f’) is decreasing in z. Thus, the

! is also monotone decreasing in its argument, hence monotone increasing in R°: the larger R¢ is,

inverse g~
the larger z* is. In particular, z* > 1 for R® > R§ and z* <1 for R* <R§.

All we need to show now is that z* is increasing in § when R¢ <R§ (which by the above means z* > 1)
and decreasing for R > Rg.

Differentiation gives

>0, ifz<1
—2(1— 1)228+1]
igﬁ(z): U=aja(z+1)"z OgQ(Z)z <0, ifz>1,
op (1—a)(2241)28 — az)
=0, if z=1.

We conclude, as stated, that gz(z) is increasing in 8 for z < 1 (for R® < R§) and decreasing otherwise.

Q.E.D.

Proof of Theorem 3. The existence of an optimal solution w* is guaranteed by the linearity of the
objective function and the convexity of the set WU {(wy,ws) : (A/61)w1 + (A/02)ws}. With the exception of
the case B =1, a =1/2, R¢ =1, this solution is unique.

Notice that for w; <w?, the optimal solution must be of the form (wy, fo s(w1)). The total cost is w; +

R¢ fa,s(w1) and has the derivative 1 +Ref] s(wy). If Rf, 5(w1) < —1-equivalently R°|f}, 5(wi)| —1>0—

[e3

the cost is decreasing in ws, so that the optimal solution is (CY, f..s(C7)). Notice that this is the optimal

c1 — 1
c1+r1 15, 5(CDI

stated. It is now by construction that with this choice of k; and kg, the optimal solution is (C7, fu.5(CT)).

unconstrained solution at the cost R, where |fh5(C1)| = % The solution x; to R¢ is as

A similar argument is repeated for k.
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It is immediate now that k1,ko are infinite if f) ,(CT) = f. 5(f~'(C3)) = 1/R°. Notice that if k1 > 0,
then [f. ,(C7)| > 1/R* hence, it must be also that |f, ;(f.5(C3))| > 1/os and, in turn, that xo = 0.
Indeed, if |f, 5(C7)| > 1/Re, then [, ,(C7) < —1/R° and (f. ;)~*(1/R°) > C}. Moreover, |f. ;(fi5(C3))] <
1/R° implies similarly that (f} ;)~'(1/R°) < f, 5(C3). Combining these two yields that C] < f. 5(C3),
or equivalently—because f, s and f,} are decreasing functions—that f, 5(C7) > C5, which means that

(C7,C35) ¢ W and contradicts the feasibility of this capacity levels. Q.E.D.

Proof of Theorem 4. The existence of an optimal solution follows from the linearity of the objective
function and the convexity of the set W*. The existence of Lagrange multipliers as stated then follows from
standard necessary conditions for convex optimization with inequality constraints; see, e.g., (Bertsekas 1997,
Proposition 3.1).

By definition, the optimal constrained value is the same as the optimal unconstrained value with the
corrected relative cost 7%2 If C1 = o0, as C5 increases, the optimal solution places more (or the same, if Cy
is not binding) work in Station 2. Because the corrected cost 75,2 either goes up for all types or down for all
types, if it goes up for all types then the consumption in Station 2 goes down, contradicting the increased

usage. This is argued identically for C;. Q.E.D.

Appendix G: Proof of Lemmas
Proof of Lemma 1. We prove the lemma for the case that v =0. The proof readily extends.

W“D:glﬁ—ﬁfmﬂil—A%

Direct differentiation gives

_ 2 2
Wﬂuyzﬁh9(3+2PwCWhUvm%)>O
0 —1+ Cosh (I207)

The inequality follows because Cosh(u) (the hyperbolic cosine) satisfies Cosh(u) > 1, for all u > 0 and
because Coth(u) (the hyperbolic cotangent of u) satisfies that 2uCoth(u/2) > 4, for all u > 0. We, therefore,
have that W ([) is convex in /. The optimal solution then satisfies the first order condition, W’(I) = 0, which
corresponds to 7 =1+ 2{24p, as stated.

We turn to the explicit expression of the optimal workload. Changing variable y = \/07l, we write

A -1
W*:man(l):f (mln{y |:1_€_y2:| }_a) ]
: 0 \vz0 {0y
-1
Defining I', =min, oy [1 — e*yQ} we have the stated result. Q.E.D.

Proof of Lemma 2. If there is an interior optimal solution, it is on the boundary where wy = f, (w1).
The objective function takes the form w; + R¢f, s(w;) and, by the first order conditions, the optimum

satisfies
1
Re’

fop(wi)=— (30)
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which has a unique solution. This is because f is strictly convex for w; <w? if < 1lorif 3=1and a >1/2;
see the proof of Theorem 1. The strict convexity then implies that f” <0 and, in turn, that f’ is a strictly
monotone decreasing function.

Recall that
2ha p(2(w1))

f;,g(wl)zz(wl)—m-

Hence, z(w;) is the unique solution z

2h 1
L Zhas(z)

h, 4(2) Re’

Q.E.D.
Lemma 8, depicted in Figure 19, proves invaluable in our optimization analysis. It established that stronger
complementarity (smaller 3) shrinks the feasibility region.

LEMMA 8 (complementarity shrinks the feasibility region). The function f, () is decreasing in
B; that is, for each wy >0, fo5, (W1) > fa,s,(w1) if B2 > Br. In turn, given a convex function g(-) : R — R,

the optimal value g* = min,eyy g(w) is larger for smaller 8 (greater complementarity).

Figure 19 The attainable workload region shrinks as complementarity increases (3 decreases).

(4

Proof of Lemma 8. Recall that h, 45(2) =n(1,2)(1 + 2), where n(l1,12) = (adf + (1 — a)lg)%f. We will

first show that n(l1,l2) and, in turn, h, (%) are increasing in /. From direct differentiation it follows that

o) 1 (1 —a)i§In(ly) + odf In(1y)
%W(ll’lz) = Bn(llvb) ST —In(n(l1,12))
= %7’]173([1, ZQ) [Ozlf ln(ll) =+ (1 - Oé)lg ln(lg) — 7’]6([1, lg) hl (’I](ll, lg))]
= %nlfﬁ(zl,b) [l n(17) + (1 — )15 In(15) — [adf + (1 — @)l5] In (adf + (1 — @)15)] >0,

where the inequality comes from the convexity of the function zln(z).
Thus, h,s(z) =n(1,2)(1 + z) is increasing in B. In particular, h;;(-) is decreasing in 8 and we may

conclude that, for each wy, fa s(wi)=wih,}5(I'?/w?) is decreasing in /3 as stated.
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Lastly, since f, g(w;) is decreasing in 3, the feasibility set is increasing in . Minimizing any convex
function g(-) over a smaller set, yields a larger optimal value. Thus, the minimum is larger for smaller values

of B. Q.E.D.

Proof of Lemma 3. Notice that if C] < C°, it must be the case that R¢ < Rg where R is as in
Proposition 2 and does not depend on S. In turn, by item (ii) there, the ratio is decreasing in 5 (the
optimal ratio z* =13 /13 is increasing). Moreover, the ratio z* is greater than 1 in this range. Since wj(z) is
increasing in z, and because f, g(w1) is increasing in /3, we then have that wj is increasing in §. In turn,
the corresponding cost must be decreasing in 5. From here we can conclude that x; must be increasing in

8. The argument is the same for the other parts of the lemma. Q.E.D.

Proof of Lemma 6. First, let us rewrite this problem equivalently as a minimization one:

/A
1 2kelx] oF w1 Dkelx] Tgwg
s.t. — > ;
/\ Cl /\ CV2
w e WX,
An optimal solution must satisfy
ak ak
! e 8 Dnera V| g (31)
— =max =:G(w).
A Cy ' Co

Notice that because the maximum operations preserves convexity, G(w) is a convex function. Since W* is a

convex set, w* can be found by solving the convex problem

min G(w)

s.t. we Wwx.

Once solved, \* is then given by (31). Q.E.D.

Proof of Lemma 4. Let us consider first the case that v =0, y > 0. In this case,

min7 (14 y72) 1 — e~ 37i(4ym)? =

w; > minT NV, = = ,
b= n PC(T) 1—|—y7’2 T1 1+y7'2

where I' ;== min, > [1 - e‘%”z} 71. By construction, Wy (7)/W1(7) = y72; therefore, we have the constraint
w1 > 15—, from which follows that wy > (I' — w1) =t fa,s(w1), as stated.

For sufficiency, suppose that ws,w; > 0 satisfy the inequality w; + wo > I'. We need to show that there
exists 71,72 such that w; =71 Npo(7) and we = y7172Npe(7). To this end, define

w1y Wa

and let N be a solution (if one exists) to

-1

N= [1—6_%(71“’2(71)72)2]71: [1—6—%(W)2 : (32)



66

If such, a solution N that we have shown for which w;,wy are indeed feasible and induced by the above
choice of 71,72. To see that (32) has indeed a solution for wy,wy >0 with w; + we > T, let us rewrite this

equation as

1 | wrrug 271
= 1—6—5(%)} —1. (33)

Since the function g(z) = #(1—e~*") = 0 as z | 0, the left-hand side of (33) diverges as N 1 co. This left-hand
side is a continuous function of N. To show that a solution exists, we then only have to show that there
exists a choice of N (for this wy,ws) such that the left-hand side is smaller or equal to 1.

Multiplying and dividing this left-hand side we have
1 wq + wsy [1_6_%<w1;\r]w2)2j|—1.
w1y + W N
Let

—1
y* :=argminy [1 — e’%y2] ;

y=>0
This y* is unique follows the proof of Lemma 1; set N° = % Recalling that T :=
-1
minargmin, .y [1 — e*%yQ] , we then have with this choice of IV, that the left-hand side equals
r
— <1,
w1 + Wy
where the last inequality follows from our assumption that w; +w, > I'. We conclude then that at N = N©,

1 wq 4w (271
N[ke*%(%)} <1

1 ( wqtwg

29 —1
The fact that ~ [1 —em3(H2) } 1T 00 as N T oo, establishes the existence of N* that solves (32), as
required. This concludes the proof of sufficiency.

The proof for the case where v >0, y =0 is similar and omitted. Q.E.D.

Proof of Lemma 7. We start by proving that h, 5(z) is increasing in z. We have

(1+2)(~1+a) )

(—-1+a—2z"%a)

1
h!, 5(2) = (—zﬁ(a -1) +a) G <1 + .
where the first term is positive since 0.5 < o <1 implies that
a<—2(a—1)<0.52" +a.

The second term is positive since both denominator and numerator in the quotient are negative for o > 0.5;
specifically,
—Pra-1<—2Pa+a—-1<-05P+a—-1<0.

Finally, because h,, 5(z) is increasing in z, y/h, s(2) is also increasing in z, and 1/4/h, s(2) is decreasing in
z. Q.E.D.
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