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Artificial intelligence (AI) is becoming increasingly prevalent, particularly in healthcare, where it is shaping

the future of decision-making processes. In radiology, AI has revolutionized diagnostics by enabling rapid

analysis of patient imaging. However, the consequences of AI misdiagnoses can be significant. For example,

an incorrect result can unnecessarily flag a healthy patient for treatment, while a missed detection may fail

to identify a serious condition that requires immediate intervention. To mitigate such risks, most diagnostic

systems combine AI analysis with radiologist review: AI first classifies cases, and then radiologists review and

confirm or modify the initial diagnosis of AI. Effective radiology scheduling must account for the likelihood

and cost of false negatives and false positives, as well as AI characteristics such as sensitivity and specificity.

To address the limitations of AI predictions, we develop a multi-server queuing model with separate queues

for suspected-positive and suspected-negative cases. Using a fluid approximation, we derive an index-based

policy, a modified version of the cµ/θ rule, to optimally schedule and allocate resources, taking into account

AI characteristics and potential misclassifications. Our proposed policy naturally incorporates the anchoring

effect, causing radiologists to devote more time to misclassified cases. As the anchoring effect is incorporated

into the classes’ indexes, it may change the classes’ prioritization and significantly influence overall system

performance. Furthermore, to prevent excessive waiting times, even for patients diagnosed as negative, we

extend our model to incorporate diagnosis-based service level requirements established by hospitals and

regulators. Numerical results demonstrate the effectiveness and superiority of our policy compared to a

widely used benchmark, underscoring its potential to improve diagnostic accuracy and efficiency.

Key words : AI diagnosis, radiology, multi-server scheduling, anchoring effect, resource allocation, fluid

model

1. Introduction

AI is rapidly advancing in healthcare, revolutionizing diagnostic processes and enhancing

the way medical decisions are made (Dai and Abràmoff 2023). The integration of AI into

radiology has the potential to profoundly transform diagnostic workflows and improve

patient care. Radiology departments are often overwhelmed by the massive volume of

imaging studies that require timely diagnosis (Hosny et al. 2018). This leads to extended

patient wait times and radiologist burnout, which in turn increases the risk of diagnostic
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errors (Lee et al. 2013). The adoption of AI technology offers a promising solution, enabling

faster analysis of medical images, improving radiologist efficiency, and reducing delays (He

et al. 2024).

Indeed, many hospitals around the world have implemented AI triage systems, such

as Aidoc, to assist in preliminary diagnoses by processing large volumes of imaging data

swiftly and effectively (Ariel and Susan 2024). Radiologists then review, confirm, or correct

the AI-generated initial results to finalize imaging reports, ensuring high-quality medical

services.

The rapid response of AI triage systems provides a significant advantage in prioritizing

care and reducing waiting times. By quickly analyzing patient images, the AI triage system

sorts patients into different categories or queues based on the severity of their condition

(Batra et al. 2023). The system then creates a prioritized worklist, alerting radiologists

to first review positively suspected cases (Batra et al. 2023). While this method ensures

that many of the high-risk patients receive timely attention, it may inadvertently delay

the review of negatively suspected cases, extending their wait times. Furthermore, since

AI may not always accurately diagnose every case, some patients may be falsely classified

and consequently assigned to the wrong queue. This misclassification can have significant

consequences. For instance, an ill patient may be incorrectly flagged as healthy, or a healthy

patient may be mistakenly flagged as requiring immediate intervention. Although certain

AI triage algorithms are designed to prioritize patients sensitively (Li et al. 2013), the risk

of missed diagnoses cannot be fully eliminated.

Scheduling AI-diagnosed cases and allocating the necessary resources for each suspected

type must take false negative and false positive classifications into account to ensure a

cost-effective diagnostic process and minimize waiting times for all patients.

The queue-based server allocation method also appears to align well with radiologists’

work habits. Research by Ibanez et al. (2018) indicates that radiologists often prefer focus-

ing on similar tasks in a concentrated way. In other words, radiologists may be more accus-

tomed to reviewing negative or positive patient reports in batches, rather than alternating

between the two. If the predictive accuracy of AI triage systems is relatively high, their

integration could further complement these work preferences, streamlining radiologists’

workflows effectively.
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To gain insights into such systems and their dynamics, we study a multi-class queuing

system in which incoming patients/scans are classified as either positively or negatively

suspected. Each category includes not only correctly diagnosed cases but also incorrect

ones. Importantly, while the true diagnosis of each case is unknown at the outset, the diag-

nosis time itself may depend on both the actual correct diagnosis and the initial diagnosis

made by the AI triage system.

Our model also enables the analysis of an anchoring effect (Gaube et al. 2021, Dai and

Tayur 2022), a common psychological phenomenon that can cause radiologists to spend

more time revising an incorrect initial diagnosis made by AI. This effect is likely to increase

the time required to correct a false diagnosis by the AI triage system, as it necessitates a

careful review of the initial diagnosis as well as the documentation of the correct diagnosis.

Furthermore, the AI triage system is characterized by its sensitivity and specificity (Mon-

aghan et al. 2021). Sensitivity measures the ability of the AI system to correctly identify

true positives, while specificity measures its ability to correctly identify true negatives.

These two characteristics affect the diagnostic accuracy of the AI triage system. Our

model incorporates these factors, as well as the prevalence of each diagnosed disease in the

population, into multi-server scheduling and resource allocation decisions.

Using a deterministic fluid approximation, we derived an index-based policy that inte-

grates all these factors to maximize the long-run average benefit. In addition to holding and

abandonment cost, our policy also considers the AI-triage characteristics, disease preva-

lence, and system incentives for correcting AI errors. Given that the initial results generated

by AI might influence the subsequent judgment of radiologists, the indexes also take into

account differences in service rates when reviewing correctly classified versus misclassified

cases.

Finally, we offer two policy generalizations. The first incorporates service level require-

ments for actual positive and actual negative cases, while the second extends the model to

a multi-disease setting.

Extensive numerical experiments demonstrate the effectiveness and robustness of our

proposed policy, highlighting the complex effects of sensitivity, specificity, and prevalence

on performance. Comparing our policy to a widely used benchmark shows its superiority,

especially when AI prediction accuracy is moderate.
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We find that the anchoring effect of AI’s preliminary diagnosis can substantially influence

scheduling and resource allocation decisions. Specifically, we model the anchoring effect by

assigning extended service times to cases where the AI’s initial diagnosis is incorrect, com-

pared to cases with accurate diagnoses. Misclassified cases by the AI triage system require

longer processing times. As the anchoring effect intensifies, these service time disparities

become more pronounced, impacting the indexes in our proposed policy and ultimately

altering prioritization, resource allocation and benefit.

The rest of this paper is organized as follows. Section 2 provides a brief review of the

related literature. In Section 3, we present the basic diagnosis model and optimization prob-

lem. Section 4 develops the corresponding fluid model and derives the index-based policy.

Section 5 presents the analysis of the AI prediction characteristics along with numerical

experiments. In Section 6, we generalize the model to incorporate service level require-

ments for positive and negative cases. Finally, Section 7 concludes the paper and suggests

promising directions for future research. All mathematical proofs are provided in the online

supplementary material.

2. Literature Review

Our research is relevant to two streams of OR/OM literature. The first stream includes

triage models with misclassifications, specifically prioritization problems where customer

classes may be imperfectly observed. The second stream relates to scheduling multi-server,

multi-class queues. In what follows, we review the relevant literature in each stream.

2.1. Triage Models with Misclassifications

In healthcare, triage is the process of prioritizing patients based on the severity of their

condition to ensure that those who need urgent care receive it promptly (Lidal et al.

2013). Triage plays a critical role in hospital systems and emergency response settings. Yet

because of the uncertainty of patients’ actual condition, they may be misclassified.

Most of the literature on triage models focus on a single-server setting. Van der Zee and

Theil (1961) is one of the earlier works focusing on the multi-class queuing system under

the uncertainty of customer type information. They found that the wrong classifications

caused by uncertain customer type may prolong the expected waiting time and proposed

to place customers who are likely to be misclassified by the classifier into a separate class.

Sun et al. (2018) addressed a patient triage problem under severe conditions. By devel-

oping a Markov Decision Process (MDP) for the triage system, they assessed its impact on
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performance. Their findings suggest that triage is beneficial when triage time is short and

patient volume is large; otherwise, introducing triage may increase expected costs. These

insights strongly support the adoption of a rapid-response AI-driven triage system, par-

ticularly in radiology departments where large volumes of images need to be interpreted.

Building on Sun et al. (2018)’s work, Sun et al. (2022) investigated a triage system with

hidden customer class identities. By constructing a stylized queuing model and an MDP,

they concluded that triage is most suitable when traffic intensity is moderate rather than

high, especially considering that the triage process itself can introduce additional waiting

costs.

Saghafian et al. (2014) developed a MDP to investigate a complexity-augmented triage

system which dose not solely rely on the urgency levels to classify patients. They found the

complexity-augmented triage is more reliable and robust, even when the misclassification

rate reaches up to 25%. Saghafian et al. (2018) proposed a partially observable MDP for

telemedical physician triage, with a single upper-level physician (similar to radiologists in

our paper) and multiple lower-level triage nurses (analogous to AI-based triage system in

our paper). They analyzed classification errors and found that referring patients to the

more experienced upper level ensures a lower long-run average total cost if the cost of

misclassification is high.

Kamali et al. (2019) established an analytical framework to examine the applicable

scenarios of provider triage (i.e., physician triage) rather than nurse triage. They leverage

fluid approximation to obtain the optimal triage policy and found that misclassification

may harm the performance of provider triage as well. Focusing on a single-server queueing

model, Argon and Ziya (2009) considered the case where customer type identities are

not directly observable. They found that increasing the number of priority classes can

reduce the long-run average waiting cost. Additionally, they pointed out that when waiting

costs are linear, the optimal policy is to assign higher priority to customers with a higher

probability of being classified into a high-priority class.

Recently, Singh et al. (2024) examined AI-driven triage in radiology departments. Focus-

ing on a single server setting, they developed an analytical model that optimizes AI classi-

fiers by using patient features to predict priority levels. They suggest a “direct approach”

to feature-driven priority queuing, where the classifier predicts the priority queue proba-

bilities from features and is optimized to minimize the average waiting cost.
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We identify four key differences relative to previous work. First, we extend the anal-

ysis beyond single-server models to a multi-server system, reflecting the typical setup in

hospital radiology departments where multiple radiologists work in parallel. We also incor-

porate abandonments when waiting times are excessive. Second, we focus on AI-driven

triage, explicitly incorporating AI-specific characteristics, sensitivity and specificity, which

influence prediction accuracy. Third, our model accounts for service level requirements for

each classification category, as well as service times that depend on both AI classification

and actual diagnosis. Fourth, we examine the system under the anchoring effect, analyzing

its impact on scheduling and decision making. Dai and Singh (2024) examined how to

integrate AI into healthcare – either as a gatekeeper, directing patients to specialists, or

as a second opinion to support diagnoses. Their model accounts for the anchoring effect,

where the order of diagnosis influences decision making. If AI first assesses the patient, the

specialist may be biased by the AI result. In contrast, if the specialist assesses first, their

diagnosis may influence the AI algorithm output.

Similarly to our findings, Dai and Singh (2024) suggest that physician-AI collaboration

can, in some instances, yield worse outcomes than physician decision-making alone. In any

case, it is crucial to incorporate the anchoring effect into decision-making processes that

involve AI-human diagnosis.

2.2. Scheduling of Multi-class Queues

The scheduling of multi-class queues has been extensively studied. The classical cµ rule

was shown by Cox and Smith (1961) to be optimal in a single-server queue with linear

holding costs. Various extensions to this rule have been proposed. Van Mieghem (1995)

demonstrated that a generalization of the rule for convex holding costs is asymptotically

optimal. Later, Mandelbaum and Stolyar (2004) extended this work to incorporate multiple

classes of servers.

In multi-server systems, Harrison and Zeevi (2004) and Atar et al. (2004) studied the

scheduling of multiple customer classes with abandonment under the critically loaded

regime. Atar et al. (2010) subsequently derived the asymptotic optimality of the cµ/θ rule

for many-server queues with abandonment under the many-server heavy traffic regime.

Later, Long et al. (2020) proposed an extension of the rule to handle general queue length

cost functions and customer patience time distributions.
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Motivated by proactive healthcare, Hu et al. (2022) studied the scheduling of a multi-

server queue with two customer classes – urgent and moderate– who can improve or dete-

riorate while waiting. Zychlinski (2024) examined the scheduling of a hybrid healthcare

system with in-person, virtual, and supplementary in-person channels for patients who

may require follow-up after a virtual visit. Zhong et al. (2024) considered the scheduling

and capacity allocation of a two-stage service system – the first with a single station and

the second with multiple parallel stations.

Our research contributes to this field by incorporating the accuracy of AI predictions

(e.g., sensitivity and specificity), which affects both types of misclassifications and their

associated costs. Additionally, our model accounts for the anchoring effect of the initial AI

diagnosis and incorporates service level requirements, which are essential for ensuring high

performance in AI-driven triage systems.

2.3. Contributions

The paper’s contributions, as we see them, are fourfold:

• Modeling a radiology department with AI-assisted triage.We develop a multi-

server queuing model for a diagnostic system that integrates AI-based case classification

with radiologist review, allowing for confirmation or modification of the AI’s initial diagno-

sis. Our model explicitly incorporates AI characteristics such as sensitivity and specificity,

along with the benefits of identifying false negatives and false positives.

• A modified cµ/θ rule for maximizing overall net benefit. The stochastic

scheduling problem we formulate is an MDP with a large state space and policy complexity.

To gain structural insights into the optimal scheduling policy, we use a fluid approximation

and derive an index-based scheduling policy for suspected positive and suspected negative

cases, incorporating the benefits associated with correcting misclassifications. We further

prove that the proposed rule is asymptotically optimal in the many-server heavy-traffic

regime. Simulation experiments confirm its effectiveness in small and moderate-sized sys-

tems.

• Impact of the anchoring effect on scheduling decisions. Radiologists tend

to spend more time revising incorrect AI diagnoses than reviewing correct ones of the

same type. Since the anchoring effect is embedded in the class-specific indices, it can alter

prioritization and significantly impact system performance. In extreme cases, avoiding AI

triage altogether may be preferable.
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• Integrating service level requirements into scheduling. These requirements,

common in diagnostic settings—including radiology—impose waiting time limits for pos-

itive and non-positive cases. Due to AI misclassification, each suspected queue contains

both case types. To address this, we integrate these requirements into our model and

scheduling framework, ensuring that the average waiting time for both actual negative and

actual positive individuals remains within a predefined threshold.

3. The Diagnosis Model

We model the diagnosis system as illustrated in Figure 1. The imaging results are first

assessed by an AI triage system, which classifies each image as either suspected positive,

denoted by p, or suspected negative, denoted by n. These classification outcomes are then

routed to separate queues. We refer to the suspected positive queue as Queue p and the

suspected negative queue as Queue n. At the next stage, N radiologists (servers) review

each image and AI diagnosis and provide a final diagnosis. In Appendix A we extend the

model to a multi-disease setting.

Figure 1 An illustration of the diagnosis model.

Due to misclassifications caused by the AI-based triage, each of the queues includes both

true and false diagnoses. That is, Queue p includes true positives as well as false positives,

while Queue n includes true negatives as well as false negatives. In general, radiologists

tend to spend more time diagnosing cases that are actually positive compared to those that
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are negative, as the former often involve higher health risks and require greater caution.

However, to capture the anchoring effect caused by the initial AI triage, we define a separate

service rate for each sub-group. Specifically, let µt
p and µf

p denote the service rates for true

and false positives, respectively, and µt
n and µf

n denote the service rates for true and false

negatives.

Note that a stronger anchoring effect is reflected through a longer diagnosis time for

positive cases that were diagnosed as negative compared to true positives (µf
n <µt

p). Simi-

larly, a stronger anchoring effect can also be reflected through a longer diagnosis time for

negative cases that were diagnosed as positive compared to true negatives (µf
p <µt

n).

When waiting times are long, patients might abandon the system; such patients are

sometimes referred to as discharged against medical advice (AMA). Let θp and θn denote

the abandonment rates of actual positives and actual negatives, respectively. We assume

that service and abandonment times are exponentially distributed.

3.1. Characteristics of the AI Triage System

We denote by P ∈ [0,1], the prevalence/proportion of patients in a scanned population

who actually have the disease for which they were diagnosed for. The prevalence affects

how often the AI encounters positive cases in a given population.

The AI triage system is characterized by its sensitivity and specificity (Monaghan et al.

2021). Sensitivity measures the ability of the AI-triage system to correctly identify those

with the disease (true positives). High sensitivity means that the system well detects cases

of the disease, minimizing false negative cases. We denote by ϵ∈ [0,1] the sensitivity of our

AI triage system. Let Tp and Fn denote the proportion of true positives and false negatives

produced by the AI triage system. We, therefore, have

Tp = ϵP and Fn = (1− ϵ)P.

Specificity measures the ability of the AI system to correctly identify those without

the disease (true negatives). High specificity means the AI triage system well excludes

patients who do not have the disease, minimizing false positives. We denote by ϕ∈ [0,1] the

specificity of our AI triage system. Let Fp and Tn denote the proportion of false positives

and true negatives produced by the AI triage system. We, therefore, have

Tn = ϕ(1−P) and Fp = (1−ϕ)(1−P).
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The imaging arrival process to the radiologists upon completion of their AI diagnosis is

a homogeneous Poisson process with rate λ. The arrival rate to Queue p and Queue n are,

therefore,

λp = (Tp +Fp)λ and λn = (Tn+Fn)λ.

The ratio of false positive cases in Queue p and false negative cases in Queue n can be

respectively expressed as

fp =
Fp

Tp+Fp

and fn =
Fn

Tn+Fn

.

Lemma 1 The following relations hold:

dfp
dP

≤ 0,
dfn
dP

≥ 0;
dfp
dϵ

≤ 0,
dfn
dϵ

≤ 0;
dfp
dϕ

≤ 0,
dfn
dϕ

≤ 0.

Lemma 1 indicates that as the AI triage sensitivity or specificity increases, the proportion

of misclassified cases in both queues decreases. The intuition behind this result is clear.

For instance, when the sensitivity ϵ increases, the increase in true positive cases in Queue

p dilutes the proportion of false positives, while the reduction in false negative cases lowers

their proportion in Queue n. Furthermore, we observe that a rise in prevalence increases

the number of true positive cases misclassified as negative, leading to a rise in fn.

3.2. Components and Formulation of the Optimization Problem

We denote by Xi(t), and Qi(t), i= p,n, the number of suspected positive or suspected neg-

ative cases in the system and queue, respectively, at time t, t≥ 0. Let Zi(t) denote the num-

ber of allocated resources to Queue i at time t. We use the notation X(t) = (Xp(t),Xn(t))

and Q(t) = (Qp(t),Qn(t)), and thereby the system state at time t is (X(t),Q(t)). The non-

anticipating scheduling policy we seek determines the number of allocated servers to each

class. That is, the decision variables are Z(t) = (Zp(t),Zn(t)), where Zp(t) + Zn(t) ≤ N ,

and Qi(t) =Xi(t)−Zi(t)≥ 0, i= p,n. Note that here N is the total number of available

radiologists/servers. Under these scheduling policies, the process {X(t),Q(t) : t ≥ 0} is a

Markov process.

The operator’s goal is to maximize the total expected long-term average net benefit,

which consists of three components: holding costs, abandonment costs, and the benefits of

correcting misclassifications.
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Specifically, let hp and hn denote the holding cost per unit time for actual positive and

negative patients, respectively. It is reasonable to assume that hp > hn because actual

positive cases may be more dangerous.

The total expected holding cost up to time T is given by the following equation

E
[∫ T

0

[(hp(1− fp)+hnfp)Qp(t)+ (hpfn+hn(1− fn))Qn(t)] dt

]
, (1)

where the first term represents the holding cost of the suspected positive queue, which

includes both true positive and false positive cases. The second term represents the holding

cost of the suspected negative queue, which includes both true negative and false negative

cases.

Let Ri(t), i= p,n, denote the cumulative number of actual positive and actual negative

cases that have abandoned the queue by time t. Denote by γi, i= p,n, the abandonment

cost for each such patient. Thus, the expected total abandonment cost can be expressed

as

γpE
[∫ T

0

Rp(t)dt

]
+ γnE

[∫ T

0

Rn(t)dt

]
. (2)

Based on the Markovian modeling assumption, (2) can be rewritten as

(γpθp (1− fp)+ γnθnfp)E
[∫ T

0

Qp(t)dt

]
+(γpθpfn+ γnθn (1− fn))E

[∫ T

0

Qn(t)dt

]
. (3)

Then, by combining it with (1), we get that

c̄pE
[∫ T

0

Qp(t)dt

]
+ c̄nE

[∫ T

0

Qn(t)dt

]
, (4)

where

c̄p := (hp+ γpθp) (1− fp)+ (hn+ γnθn)fp;

c̄n := (hp+ γpθp)fn+(hn+ γnθn) (1− fn) .
(5)

Next, we consider the benefits obtained by correcting the AI triage misclassifications.

Indeed, if radiologists overlook the problematic diagnoses generated by AI, both patients

and hospitals could incur significant losses. In the case of undetected false negatives,

patients may experience condition deterioration due to delayed treatment; for undetected

false positives, they might undergo unnecessary over-treatments. Clearly, identifying false

diagnoses made by AI can help avoid unnecessary medical complications and prevent hos-

pitals from facing claims brought by patients. Let Df
p (t) denote the cumulative number
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of identified false positive cases in Queue p by time t, and Df
n(t) denote the cumulative

number of identified false negative cases in Queue n by time t. The associated benefit

of identifying a falsely classified positive is bfp , and the associated benefit of identifying a

falsely classified negative is bfn. We assume that radiologists can correct all error diagnostics

provided by AI. Then, the expected total benefit from correct classifications is

bfpE
[∫ T

0

Df
p (t)dt

]
+ bfnE

[∫ T

0

Df
n(t)dt

]
. (6)

Based on the Markovian modeling assumption (6) can be rewritten as

bfpfpµ
f
pE

[∫ T

0

Zp(t)dt

]
+ bfnfnµ

f
nE

[∫ T

0

Zn(t)dt

]
. (7)

Finally, by subtracting (4) from (7), we obtain the total net benefit:

E
[∫ T

0

[
bfpfpµ

f
pZp(t)+ bfnfnµ

f
nZn(t)− c̄pQp(t)− c̄nQn(t)

]
dt

]
.

Our objective is, therefore, to find a scheduling policy π that maximizes the total long-

run average net benefit, specifically,

max
π∈Ω

lim inf
T→∞

1

T
E
[∫ T

0

[
bfpfpµ

f
pZp(t)+ bfnfnµ

f
nZn(t)− c̄pQp(t)− c̄nQn(t)

]
dt

]
, (8)

where Ω is the set of admissible controls. Problem (8) is formulated as an MDP. To address

the curse of dimensionality (Papadimitriou and Tsitsiklis 1999) – characterized by a large

(often infinite) state and policy space – and to gain structural insights, we employ a

fluid approximation, transforming the stochastic processes into continuous functions. Fluid

approximation methods are widely used in service operations management (Whitt 2002,

Zychlinski 2023).

4. The Fluid Model

In the fluid model, the stochastic arrival, service, and abandonment processes are replaced

by their corresponding deterministic flow rates. We use the lowercase q̄p and q̄n to denote

the long-run average fluid queue content of suspected positive and negative scans. A fluid

scheduling policy π specifies the long-run average service capacity allocation, where (z̄p, z̄n)

denotes the long-run average fraction of servers allocated to each queue. These quantities

satisfy the following relations:

λp =
(
µt
p(1− fp)+µf

pfp
)
z̄p +(θp(1− fp)+ θnfp)q̄p,

λn =
(
µt
n(1− fn)+µf

nfn
)
z̄n+(θpfn+ θn(1− fn))q̄n,

(9)
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where the first equation – for Queue p – captures the different service rates between true and

false positive patients. Since the proportion of false positives, fp, is hidden within Queue

p, and we have previously assumed that radiologists can correct all incorrect conclusions

made by the AI triage system, radiologists handle false positive cases with a probability

of fp at a service rate of µf
p . They, meanwhile, review the image results of true positive

patients with a probability of (1−fp) at a service rate of µt
p. The second equation captures

the same only for Queue n.

The fluid analogous problem to the MDP in (8) is the following linear program (LP):

max
z̄p,z̄n,q̄p,q̄n≥0

bfpfpµ
f
p z̄p+ bfnfnµ

f
nz̄n− c̄pq̄p− c̄nq̄n

s.t. q̄p =
λp−

(
µt
p(1− fp)+µf

pfp
)
z̄p

θp(1− fp)+ θnfp
,

q̄n =
λn−

(
µt
n(1− fn)+µf

nfn
)
z̄n

θpfn+ θn(1− fn)
,

z̄p+ z̄n ≤ 1.

(10)

For convenience of notation, we define the following weighted averages:

µ̄p = µt
p(1− fp)+µf

pfp, µ̄n = µt
n(1− fn)+µf

nfn,

θ̄p = θp(1− fp)+ θnfp, θ̄n = θn(1− fn)+ θpfn,

Then, by rearranging (10) and omitting the constants that do not affect the optimization,

we obtain the following LP:

max
z̄p,z̄n≥0

Rpz̄p+Rnz̄n

s.t. 0≤ z̄p ≤ λp/µ̄p,

0≤ z̄n ≤ λn/µ̄n,

z̄p+ z̄n ≤ 1,

(11)

where the adjusted cµ/θ indexes are:

Rp :=
µ̄p

θ̄p
c̄p+ bfpfpµ

f
p =

µt
p(1− fp)+µf

pfp

θp(1− fp)+ θnfp
((hp+ γpθp) (1− fp)+ (hn+ γnθn)fp)+ bfpfpµ

f
p ,

Rn :=
µ̄n

θ̄n
c̄n + bfnfnµ

f
n =

µt
n(1− fn)+µf

nfn
θpfn + θn(1− fn)

((hp+ γpθp)fn+(hn+ γnθn) (1− fn))+ bfnfnµ
f
n.

The first two constraints in (11) impose upper bounds on the number of servers allocated

to each queue, ensuring that the allocated servers for each queue do not exceed the number

of cases.
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Note that the adjusted indexes differ from the standard cµ/θ indexes in (i) their weighted

averages of service and abandonment rates and costs, and (ii) in the benefit they account

for in correcting false negative and false positive misclassifications.

In the case where the AI triage system achieves complete accuracy (i.e., both sensitivity

ϵ and specificity ϕ equal 1), the R indexes reduce to the standard cµ/θ indexes (Atar et al.

2010).

4.1. The Asymptotic Optimality of the the adjusted cµ/θ Rule

In this section, we establish the asymptotic optimality of our adjusted cµ/θ rule. We start

by introducing the scaling process and other necessary notation.

Consider a sequence of systems indexed by the number of servers, N , and scale up both

the number of servers and the arrival rate. We refer to the system with N servers as the

N -th system. Denote by XN
i (t), QN

i (t), and ZN
i (t), i = p,n, the corresponding processes

in the N -th system. Next, we consider a Poisson arrival process AN(t) with rate λN .

Therefore, the arrival processes to Queue p and to Queue n are Poisson processes with

rates λN
p = (Tp+Fp)λ

N and λN
n = (Tn+Fn)λ

N , respectively.

Let Rf,N
n (t) and Rt,N

n (t) denote the cumulative number of actual positives and actual

negatives that have been abandoned from Queue n by time t in the N -th system, respec-

tively. Similarly, let Rf,N
p (t) and Rt,N

p (t) be the cumulative number of actual negatives and

actual positives that have been abandoned from Queue p by time t, respectively. We denote

by Df,N
p (t), Dt,N

p (t), Df,N
n (t), Dt,N

n (t) the number of service completions for false positives,

true positives, false negatives and true negatives by time t in the N -th system, respectively.

Then, for every t≥ 0, we have

ZN
p (t)+ZN

n (t)≤N,

XN
i (t)−ZN

i (t) =QN
i (t), i= p,n;

XN
i (t) =XN

i (0)+AN
i (t)−Rf,N

i (t)−Rt,N
i (t)−Df,N

i (t)−Dt,N
i (t), i= p,n.

Finally, let µf,N
i , µt,N

i , and θNi , i = p,n, be the corresponding service and abandonment

rates in the N -th system.

The normalized average benefit is, therefore,

BN,T (π
N) =

1

NT
E
[∫ T

0

[
bNp Z

N
p (t)+ bNn Z

N
n (t)− c̄Np Q

N
p (t)− c̄Nn Q

N
n (t)

]
dt

]
,
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where

bNp = bfpfpµ
f,N
p , bNn = bfnfnµ

f,N
n ,

c̄Np =
(
hp + γpθ

N
p

)
(1− fp)+

(
hn+ γnθ

N
n

)
fp,

c̄Nn =
(
hp + γpθ

N
p

)
fn+

(
hn+ γnθ

N
n

)
(1− fn) .

and

UN,T = sup
πN∈ΩN

BN,T (π
N).

Lastly, denote by q∗ = (q̄∗p, q̄
∗
n) and z∗ = (z̄∗p, z̄

∗
n) the corresponding values in the fluid

model which satisfy x∗ = q∗+z∗. Then, the optimal value function is U ∗ = bz∗− c̄q∗, where

b= (bp, bn) = (bfpfpµ
f
p , b

f
nfnµ

f
n) and c̄ := (c̄p, c̄n).

Assumption 1 (i) There are positive constants λ, µf
i , µ

t
i, and θi, i= p,n, such that, as

N →∞,

λN/N → λ, µf,N
i → µf

i , µt,N
i → µt

i, θNi → θi.

(ii) The random variables XN
i (0)/N , i= p,n, are uniformly bounded by a constant M .

Note that per Assumption 1(i), λN
i /N → (Ti +Fi)λ, i= p,n, as N →∞.

Proposition 1 establishes that the adjusted cµ/θ rule is asymptotically optimal.

Proposition 1 (asymptotic optimality) Denote by πN
p the policy of our adjusted cµ/θ

rule in the N -th system. Then, under Assumption 1, we have

(i) limsupT→∞ limsupN→∞UN,T ≤U ∗,

(ii) limsupT→∞ limsupN→∞UN,T = lim infT→∞ lim infN→∞BN,T (π
N
p ) =U ∗.

Section 5 examines the impact of the AI Triage system’s characteristics on the optimal

policy and overall net benefit.

5. Impact of AI Triage Characteristics

The characteristics of the AI triage system affect the optimal allocation and performance.

In this section, we use numerical experiments to examine this effect. Section 5.1 analyzes

the impact of sensitivity and specificity. Section 5.2 focuses on the effect of prevalence

on optimal scheduling, resource allocation, and net benefit. In Section 5.3, we investigate

the anchoring effect. Finally, in Section 5.4, we compare the performance of our proposed

policy with the standard cµ/θ rule.
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5.1. The Sensitivity and Specificity Effects

Recall that sensitivity measures the ability of the AI system to correctly identify true

positives, while specificity measures its ability to correctly identify true negatives. We

consider two scenarios that differ in their consequences of the two misclassification types:

false negatives and false positives. These differences are reflected in our model as the benefit

of correcting AI misclassifications, specifically the values of bfn and bfp .

The first scenario includes the case where a false-negative diagnosis could have severe

consequences. For example, in the context of a highly infectious disease like COVID-19,

misidentifying positive lung imaging as negative could lead to significant costs for the

healthcare system. Therefore, we assign a substantial reward for correcting false-negative

cases compared to false positives, specifically bfn = 150 and bfp = 10.

The second scenario includes the case where uncorrected false-positive results can cause

severe psychological or financial distress for patients, as well as unnecessary treatment, such

as in the case of multiple sclerosis (Li et al. 2013). In this context, identifying false-positive

cases becomes critical. Thus, we set bfp = 150 and bfn = 10.

Figure 2 shows the optimal resource allocation (right plots) and the optimal long-term

average benefit (left plots) as functions of different sensitivity levels for these two scenarios.

We set the service rate µt
n for reviewing true negatives at 2 and the service rate µf

n for

reviewing false negatives at 0.5, considering that radiologists usually spend more time

thoroughly evaluating images of actual positive cases. Because of the anchoring effect,

identifying false positives and false negatives may take more time than identifying true

negatives and true positives, respectively. Thus, we have µf
n <µt

p and µf
p <µt

n. Additionally,

we set hp = 2 and hn = 1, given that time is more costly for actual positive cases.

In the first scenario (top plots, where bfn > bfp), the allocation shifts from the negative

suspected Queue n to the positive suspected Queue p as sensitivity ϵ increases. Specifically,

when sensitivity is low, priority is given to Queue n to identify as many false negatives as

possible. As sensitivity increases and the AI triage system produces fewer false negatives,

more resources can be allocated to Queue p. The jump in optimal allocation occurs exactly

at the switching point in priority. Moreover, the optimal long-run average benefit decreases

linearly with sensitivity, which can be attributed to the reduced number of corrected false

negatives in Queue n.
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In the second scenario (bottom plots, where bfn < bfp), the same gradual shift in allocation

from Queue n to Queue p occurs. However, since there is no switch in priority (Rp >Rn

for all sensitivity levels), there are no jumps in allocation. As higher sensitivity increases

the proportion of true positives in Queue p and decreases the proportion of false negatives

in Queue n (Lemma 1), these effects, combined with a relatively high holding cost hp for

positive cases, increase Rp relative to Rn.

Unlike the first scenario, in the second scenario, the optimal long-run average benefit

slightly increases with sensitivity, as more resources are allocated to Queue p, allowing for

the correction of more false positives. Since the benefit from such corrections is high, the

total net benefit increases.
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Figure 2 The sensitivity effect on the optimal long-term average benefit and optimal resource allocation. The

parameters are: ϕ= 0.90, P = 0.15, hp = 2, hn = 1, θp = 0.1, θn = 0.1, γp = 2, γn = 1, µf
p = 1.5, µf

n = 0.5,

µt
n = 2, µt

p = 1.5, N = 4, λ= 8.
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Figure 3 shows the optimal resource allocation (right plots) and the optimal long-term

average benefit (left plots) versus different specificity levels for these two scenarios.
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Figure 3 The specificity effect on the optimal long-term average benefit and optimal resource allocation. The

left top plot includes a zoomed-in version of the figure. The parameters are: ϵ= 0.90, P = 0.15, hp = 2,

hn = 1, θp = 0.1, θn = 0.1, γp = 1.5, γn = 1, µf
p = 2, µf

n = 0.5, µt
n = 2, µt

p = 1.5, N = 4, λ= 8.

In the first scenario (top plots, where bfp = 10 < bfn = 150), the priority switches from

Queue n to Queue p when ϕ ≈ 0.125. Within each of these two ranges (excluding the

switching point itself), the optimal allocation to Queue n increases, while the allocation

to Queue p decreases.

The optimal long-term average net benefit generally declines with specificity: higher

specificity means fewer false positives, reducing the potential benefits from correcting them.

However, there exists a narrow interval around ϕ= 0.2 where the optimal long-term average

benefit slightly increases. This occurs because Queue p is prioritized when specificity is
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low, resulting in a relatively large Queue p. Within this interval, all servers are allocated

to Queue p, reducing the holding and abandonment costs for this queue. Additionally,

since no servers are allocated to Queue n during this interval, the possibility of substantial

benefits from correcting false negatives is avoided.

In the second scenario (bottom plots, where bfp = 150> bfn = 10), there is no switch in

priority. When specificity is low, a substantial portion of actual negative patients accu-

mulates in Queue p, increasing the required number of servers. Under these low-specificity

conditions, Queue p requires the total number of servers. As specificity ϕ increases, the

opportunity to gain substantial benefits from correcting false positives decreases, resulting

in a consistent decline in the optimal long-term average benefit.

5.2. The Prevalence Effect

In this section, we examine the effect of disease prevalence on the optimal long-term average

benefit and the corresponding optimal resource allocation. We consider an effective AI

triage system with high sensitivity (ϵ= 0.90) and specificity (ϕ= 0.90). Figure 4 shows the

optimal net benefit and resource allocation across different prevalence levels. In the first

scenario (top plots), bfp < bfn, whereas in the second scenario (bottom plots), bfp > bfn.

In the first scenario, priority shifts from Queue p to Queue n as prevalence increases. As

the number of false-negative patients misclassified into Queue p grows, prioritizing Queue

n significantly enhances the potential benefits of correcting these errors. Additionally, as

prevalence increases, the number of actual negative cases decreases, reducing the demand

for servers in Queue n. Consequently, the number of servers assigned to Queue n may

decrease even when Queue n is prioritized. A U-shaped pattern emerges in the optimal

long-term average benefit under this scenario. When prevalence is moderate, the benefits

from correcting false negatives are insufficient to offset the holding and abandonment costs,

leading to a net decline in benefits. However, when prevalence is high, the substantial

benefits from correcting false negatives outweigh these costs, resulting in an increase in the

net benefit.

In the second scenario, Queue p remains prioritized throughout. As prevalence increases,

more servers are allocated to Queue p to address the higher demand.
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Figure 4 The prevalence effect on the optimal long-term average benefit and optimal resource allocation. The

parameters are: ϵ= 0.90, ϕ= 0.90, hp = 2, hn = 1, θp = 0.1, θn = 0.1, γp = 2, γn = 1, µf
p = 1.5, µf

n = 0.5,

µt
n = 2, µt

p = 1.5, N = 4, λ= 8.

5.3. The Anchoring Effect

The anchoring effect is a common psychological phenomenon that can cause radiologists

to spend more time revising an incorrect initial diagnosis made by the AI triage system

than reviewing a correct diagnosis of the same type.

In general, a strong anchoring effect may significantly reduce the system’s efficiency

by slowing down radiologists when their diagnosis is inconsistent with the AI’s initial

diagnosis. We denote the level of the anchoring effect by η: the larger η, the stronger the

anchoring effect. The anchoring effect modifies the service rates of false positives and false

negatives according to the following relation:

η=
µt
p

µf
n

=
µt
n

µf
p

, η≥ 1.
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It is possible to define two separate anchoring effects for each of the above ratios. How-

ever, for simplicity, we assume that the anchoring effect has the same impact on both false

negatives and false positives.

Figure 5 demonstrates the impact of the anchoring effect on the long-term average net

benefit across different prevalence levels. We see that the long-run average net benefit

decreases as the anchoring effect becomes larger across all levels of prevalence. Along each

level of anchoring effect, the long-run average net benefit increases with prevalence. The

anchoring effect may impact the relations between the R indexes and by that, change the

prioritization between the two queues.

Furthermore, when the anchoring effect is significant (η = 2.2), the average net benefit

may become negative as the costs exceed the benefit from correcting misclassifications. In

such cases, it may be more beneficial not to use AI triage system at all.
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Figure 5 The anchoring effect for different prevalence levels. The parameters are: ϕ = 0.90, ϵ = 0.90, hp = 2,

hn = 1, θp = 0.1, θn = 0.1, γp = 2, γn = 1, µt
n = 2, µt

p = 1.5, bfn = 150, bfp = 10, N = 4, λ= 8.

5.4. Performance Comparison with the cµ/θ Rule

To evaluate the performance of our proposed policy, we compare it to a benchmark policy

– the standard cµ/θ rule – which does not account for the two types of misclassification.

Specifically, scheduling according to the standard cµ/θ rule treats the parameters for each
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queue as if all patients are correctly classified. Consequently, the indices for Queue p and

Queue n under the standard cµ/θ rule are defined as:

(cµ/θ)p :=
(hp+ γpθp)µ

t
p

θp
and (cµ/θ)n :=

(hn+ γnθn)µ
t
n

θn
.

Figure 6 compares the long-term average net benefit of our policy (referred to as the

adjusted cµ/θ rule) with the standard cµ/θ rule across different scenarios. In the left plots,

the system has N = 3 servers and an arrival rate of λ = 8, while in the right plots, the

system size is doubled to N = 6 servers and λ = 16. The comparisons are in regard to

sensitivity (top plots), specificity (middle plots), and prevalence (bottom plots).

We first note that as sensitivity and specificity improve, the performance of the adjusted

cµ/θ rule approaches that of the standard cµ/θ rule, eventually converging. In other

words, when the AI triage system is highly effective, accounting for misclassifications in

the scheduling has less impact. For small or moderate values of sensitivity and specificity,

however, the adjusted cµ/θ rule significantly outperforms the standard cµ/θ rule.

With respect to prevalence, while both policies perform similarly for low prevalence,

the adjusted cµ/θ rule performs significantly better for moderate and high prevalence.

This improvement occurs because a higher prevalence indirectly results in more unhealthy

patients being misclassified as negative. Finally, we note that the differences between the

policies do not diminish with increasing system size.

6. Incorporating Service Level Requirements

Thus far, we have focused on maximizing the overall system net benefit, allowing for

prolonged waiting times when the system is overloaded. For instance, when Queue p is

prioritized, individuals in Queue n may experience long waiting times. This is particularly

concerning for false-negative patients, who need their results in a timely manner. A clinical

workflow simulation by Baltruschat et al. (2021) introduced an upper limit on maximum

waiting times to mitigate the effects of false-negative outcomes. Conversely, strict priori-

tization of Queue n can negatively impact true positives in Queue p when the number of

servers is constrained.

To address such issues, many diagnostic procedures, especially in radiology departments,

include regulations on allowable waiting times for each type of diagnosis (Huang et al.

2015, Barron and Baron 2022). For example, the NHS England National Imaging Board

https://www.england.nhs.uk/long-read/diagnostic-imaging-reporting-turnaround-times/
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Figure 6 A comparison to the standard cµ/θ rule. The parameters are: hp = 2, hn = 1, θp = 0.1, θn = 0.2, γp = 2,

γn = 1, µf
p = 1, µf

n = 1, µt
n = 2, µt

p = 1.5, bfn = 150, bfp = 10; in the top plots: ϕ= 0.85 and P = 0.25; in

the middle plots: ϵ= 0.85 and P = 0.25; in the bottom plots: ϕ= 0.85 and ϵ= 0.85.

recommends report turnaround times of less than 12 hours for urgent patients and less

than 24 hours for non-urgent inpatients.
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We incorporate these service level requirements by adding constraints to our optimization

problem. Specifically, we ensure that the average waiting time for each actual negative and

actual positive individual does not exceed a predetermined threshold.

Let wp and wn denote the average waiting time in Queue p, and Queue n, respectively.

Let W̄p and W̄n denote the average waiting time for an actual positive or negative patient,

respectively. Therefore,

W̄p = P
(
suspected
positive

∣∣∣∣positive)wp+P
(
suspected
negative

∣∣∣∣positive)wn = ϵwp+(1− ϵ)wn,

W̄n = P
(
suspected
positive

∣∣∣∣negative)wp +P
(
suspected
negative

∣∣∣∣negative)wn = (1−ϕ)wp +ϕwn.

According to Little’s Law (Little 1961), we have wp = q̄p/λp and wn = q̄n/λn.

Denote by τp and τn the waiting times thresholds for positive and negative patients.

Then, the optimization problem we consider is

max
z̄p,z̄n,q̄p,q̄n

bfpfpµ
f
p z̄p + bfnfnµ

f
nz̄n− c̄pq̄p − c̄nq̄n

s.t. q̄p =
λp −

(
µt
p(1− fp)+µf

pfp
)
z̄p

θp(1− fp)+ θnfp
,

q̄n =
λn−

(
µt
n(1− fn)+µf

nfn
)
z̄n

θpfn+ θn(1− fn)
,

z̄p ≥ 0, z̄n ≥ 0,

W̄p ≤ τp, W̄n ≤ τn,

z̄p + z̄n ≤ 1.

(12)

We can then explicitly write down the average waiting times wp, that is,

W̄p = ϵ

(
λp−µt

p(1− fp)z̄p−µf
pfpz̄p

)
λp(θp(1− fp)+ θnfp)

+ (1− ϵ)

(
λn−µt

n(1− fn)z̄n−µf
nfnz̄n

)
λn(θn(1− fn)+ θpfn)

=− z̄p
ϵ(µt

p(1− fp)+µf
pfp)

λp(θp(1− fp)+ θnfp)
− z̄n

(1− ϵ)(µt
n(1− fn)+µf

nfn)

λn(θn(1− fn)+ θpfn)

+
ϵλp

λp(θp(1− fp)+ θnfp)
+

(1− ϵ)λn

λn(θn(1− fn)+ θpfn)
.

Therefore, W̄p ≤ τp can be rewritten as z̄p ≥B1−A1z̄n, where

A1 =
(θp(1− fp)+ θnfp)λp(1− ϵ)(µt

n(1− fn)+µf
nfn)

(θn(1− fn)+ θpfn)λnϵ(µt
p(1− fp)+µf

pfp)
,

B1 =
(θn(1− fn)+ θpfn)λnϵλp+(θp(1− fp)+ θnfp)λp(1− ϵ)λn

(θn(1− fn)+ θpfn)λnϵ(µt
p(1− fp)+µf

pfp)
− (θp(1− fp)+ θnfp)λpτp

ϵ(µt
p(1− fp)+µf

pfp)
.
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Similarly, for constraint W̄n ≤ τn can be rewritten as z̄p ≥B2−A2z̄n, where

A2 =
(θp(1− fp)+ θnfp)λpϕ(µ

t
n(1− fn)+µf

nfn)

(θn(1− fn)+ θpfn)λn(1−ϕ)(µt
p(1− fp)+µf

pfp)
,

B2 =
(θn(1− fn)+ θpfn)λn(1−ϕ)λp+(θp(1− fp)+ θnfp)λpϕλn

(θn(1− fn)+ θpfn)λn(1−ϕ)(µt
p(1− fp)+µf

pfp)
− (θp(1− fp)+ θnfp)λpτn

(1−ϕ)(µt
p(1− fp)+µf

pfp)
.

Problem (12) can then be rewritten as the following LP:

max
z̄p,z̄n

Rpz̄p+Rnz̄n

s.t. 0≤ z̄p ≤
λp

µt
p(1− fp)+µf

pfp
,

0≤ z̄n ≤
λn

µt
p(1− fn)+µf

nfn
,

z̄p+ z̄n ≤ 1,

z̄p ≥B1−A1z̄n,

z̄p ≥B2−A2z̄n.

(13)

The introduction of two new constraints renders certain resource levels infeasible, mean-

ing no scheduling policy can satisfy the service level constraints. Consequently, the adjusted

cµ/θ rule may require modifications.

Next, we analyze the impact of the service level constraints on the optimal solution

and average net benefit. We consider two cases: one where Rp <Rn and another where

Rp >Rn. Figure 7 illustrates the relationships between the optimal resource allocation for

different service level requirements.

First, we note that very small thresholds are infeasible, while for very large thresholds,

the solutions converge to the unconstrained solution in (11).

When Rp <Rn, we observe that the number of servers assigned to Queue p decreases

while the number of servers assigned to Queue n increases as the threshold for actual

positives becomes larger. Due to the higher benefits of correcting false negatives, allocating

more servers to Queue n becomes advantageous once the constraints are no longer binding

(i.e., when τp ≥ 8.7), allowing Queue n to receive almost four servers. Conversely, when

Rp >Rn, the trend is reversed.

Figure 8 illustrates the optimal long-run average net benefit for different threshold values

of τp and τn. The blank areas represent infeasibility regions. When Rp <Rn, the optimal
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Figure 7 The optimal resource allocation under varying service level requirements. The parameters are: ϵ= 0.9,

ϕ= 0.9, P = 0.15, hp = 2, hn = 1, θp = 0.1, θn = 0.1, γp = 2, γn = 1, µf
p = 0.75, µf

n = 1, µt
n = 2, µt

p = 1.5,

N = 4, λ= 10, bfp = 10; specially, in the left plot, bfn = 400 and in the right plot, bfn = 100.

long-run average benefit decreases as τp decreases but remains unchanged for varying levels

of τn. Conversely, when Rp > Rn, the optimal long-run average benefit decreases as τn

decreases but remains unaffected by changes in τp.

In summary, setting reasonable waiting time thresholds to ensure adequate service levels

for correctly classified patients in the lower-priority queue may shift resources and result

in a reduced net benefit. This highlights the trade-off between maximizing net benefit and

providing better service levels.

7. Concluding Remarks and Future Directions

Motivated by the healthcare industry’s move toward integrating AI triage systems, we

study this integration in a radiology department. In this setting, upon completing an initial

diagnosis, the AI classifies each case into either a positive or negative queue. Radiologists

then review the results and correct any misclassifications. We develop a multi-server queu-

ing model aimed at designing efficient scheduling and resource allocation policies for these

types of queues. Our model incorporates the characteristics of AI triage systems, capturing

the likelihood and costs associated with false positives and false negatives. Using a fluid

approximation, we derive an adjusted cµ/θ rule that accounts for both types of misclas-

sification and the benefits of correcting them. In addition to being effective and easy to

implement, the proposed policy can be adapted to include the anchoring effect and service

level requirements for each diagnosis type.
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Figure 8 The effect of service level requirements on long-run average benefit. The parameters are: ϵ = 0.9,

ϕ= 0.9, P = 0.15, hp = 2, hn = 1, θp = 0.1, θn = 0.1, γp = 2, γn = 1, µf
p = 0.75, µf

n = 1, µt
n = 2, µt

p = 1.5,

N = 4, λ= 10, bfp = 10; On the left bfn = 400 and on the right bfn = 100.

Several directions for future research are worth exploring. One involves considering cases

where the anchoring effect not only causes radiologists to spend more time on misclassified

cases but also leads them to overlook errors in AI diagnoses. Another potential avenue is

extending the model to handle multiple levels of diagnostic outcomes beyond the binary

positive and negative classifications considered in this paper. For instance, an AI algorithm

provided by Aidoc for detecting acute pulmonary embolism categorizes patients into stat

(the most urgent), urgent, and routine categories (Batra et al. 2023). The challenge in

incorporating multiple classification outcomes lies in expanding the definitions of false/true

positives/negatives to account for varying levels of misclassifications.

Funding. Partial financial support was received from ISF Grant 277/21 and The Bernard

M. Gordon Center for Systems Engineering at the Technion.
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Online Appendix

Appendix A: An Extension to the Multi-Class Case

In general, radiology departments need to handle multiple disease checks, such as fractures, intracranial

bleeding, and pulmonary embolism. In this section, we generalize our diagnostic model to incorporate multiple

classes/diseases. We use the subscript j ∈ {1,2, . . . , J} to represent Disease j, whose prevalence is Pj ∈ [0,1].

The AI algorithm has sensitivity ϵj ∈ [0,1] and specificity ϕj ∈ [0,1] for Disease j. The proportions of true

positives, false negatives, true negatives, and false positives for Disease j can then be expressed as follows:

Tj,p = ϵjPj , Fj,n = (1− ϵj)Pj , Tj,n = ϕj(1−Pj), and Fj,p = (1−ϕj)(1−Pj).

Furthermore, we use the notation Qj,p and Qj,n to represent the suspected positive and suspected negative

queues for Disease j, respectively. Figure A.1 illustrates the diagnostic process in the multi-class case.

Figure A.1 An Illustration to the multi-class case

Then the arrival rate for queue Qj,p and queue Qj,n respectively are

λj,p = λ(Tj,p +Fj,p) and λj,n = λ(Tj,n +Fj,n).

And in queue Qj,p and Qj,n, the proportions of correctly classified positive and negative cases respectively

are

fj,p =
Fj,p

Tj,p +Fj,p

and fj,n =
Fj,n

Tj,n +Fj,n

.

Let µt
j,p, µ

f
j,p, µ

t
j,n, and µf

j,n denote the radiologists’ service rates for reviewing true positive, false positive, true

negative, and false negative initial reports related to Disease j generated by the AI, respectively. Furthermore,
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for patients with Disease j, let hj,p and hj,n represent the holding costs per unit time for actual positives

and negatives, respectively. Denote θj,i as the abandonment rate in queue {j, i}, i = p,n, and γj,i as the

abandonment cost per case in qj,i.

First, we define the extended version of the weighted average for service and abandonment rates and cost:

θ̄j,p = θj,p(1− fj,p)+ θj,nfj,p, θ̄j,n = θj,n(1− fj,n)+ θj,pfj,n;

µ̄j,p = µt
j,p(1− fj,p)+µf

j,pfj,p, µ̄j,n = µt
j,n(1− fj,n)+µf

j,nfj,n;

c̄j,p = (hj,p + γj,pθj,p) (1− fj,p)+ (hj,n + γj,nθj,n)fj,p, c̄j,n = (hj,p + γj,pθj,p)fj,n +(hj,n + γj,nθj,n) (1− fj,n) .

Then, the extended fluid optimization problem is the following LP:

max
z̄p,z̄n,q̄p,q̄n

J∑
j=1

(
R̃pz̄p + R̃nz̄n

)
s.t. 0≤ z̄j,p ≤ λj,p/µ̄j,p, j = 1,2, ..., J,

0≤ z̄jn,n ≤ λj,n/µ̄j,p, j = 1,2, ..., J,

z̄j,p ≥ 0, z̄j,n ≥ 0, j = 1,2, ..., J,
J∑

j=1

(z̄j,p + z̄j,n)≤ 1,

where

Rj,p :=
µ̄j,p

θ̄j,p
c̄j,p + bfj,pfj,pµ

f
j,p, and Rj,n :=

µ̄j,n

θ̄n
c̄j,n + bfj,nfj,nµ

f
j,n.

Using a similar line of reasoning as in the proof of Proposition 1, we can show that following the adjusted

cµ/θ rule with the extended R indexes is also asymptotically optimal in the many-server heavy-traffic regime.

Appendix B: Proofs of Theoretical Results

Proof of Lemma 1 Since by definition P ∈ [0,1], ϵ∈ [0,1] and ϕ∈ [0,1], the derivatives of fp and fn

satisfy the following:

dfp
dP

=
ϵ(ϕ− 1)

(P(ϵ+ϕ− 1)−ϕ+1)2
≤ 0,

dfn
dP

=
ϕ(1− ϵ)

(ϕ−P(ϵ+ϕ− 1))2
≥ 0;

dfp
dϵ

=
(1−P)P(ϕ− 1)

(P(ϵ+ϕ− 1)−ϕ+1)2
≤ 0,

dfn
dϵ

=
(P − 1)Pϕ

(ϕ−P(ϵ+ϕ− 1))2
≤ 0;

dfp
dϕ

=
(P − 1)Pϵ

(P(ϵ+ϕ− 1)−ϕ+1)2
≤ 0,

dfn
dϕ

=
(P − 1)P(1− ϵ)

(ϕ−P(ϵ+ϕ− 1))2
≤ 0.

Q.E.D.

Proof of Proposition 1 We start by defining the following processes for the N -th system: RN
i (t) =

Rf,N
i (t)+Rt,N

i (t) and DN
i (t) =Df,N

i (t)+Dt,N
i (t). Additionally, the Poisson processes regarding service com-

pletion and abandonment satisfy the following:

Df,N
i (t) = fiD̃

f,N
i

(∫ t

0

ZN
i (s)ds

)
, Dt,N

i (t) = (1− fi)D̃
t,N
i

(∫ t

0

ZN
i (s)ds

)
, i= p,n;

Rf,N
i (t) = fiR̃

f,N
i

(∫ t

0

QN
i (s)ds

)
, Rt,N

i (t) = (1− fi)R̃
t,N
i

(∫ t

0

QN
i (s)ds

)
, i= p,n.
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Note that the Poisson processes R̃f,N
i , R̃t,N

i , D̃f,N
i and D̃t,N

i are with rates µf,N
i , µt,N

i , θf,Ni and θt,Ni , i= p,n,

respectively. Then, the linear combination of R̃f,N
i and R̃t,N

i , i= p,n, is also a Poisson processes; namely,

D̄N
i (t) = D̃N

i (t) = fiD̃
f,N
i

(∫ t

0

ZN
i (s)ds

)
+(1− fi)D̃

t,N
i

(∫ t

0

ZN
i (s)ds

)
and D̃N

i is with rate µ̄N
i := fiµ

f,N
i +(1− fi)µ

t,N
i . Similarly, we have

R̄N
i (t) = R̃N

i (t) = fiR̃
f,N
i

(∫ t

0

QN
i (s)ds

)
+(1− fi)R̃

t,N
i

(∫ t

0

QN
i (s)ds

)
and Poisson processes R̃N

i is with rate θ̄Ni := fiθ
N
j +(1− fi)θ

N
i , i, j = p,n and i ̸= j.

Next, we consider the corresponding scaled processes:

X̄N =
1

N
XN , ĀN =

1

N
AN , Q̄N =

1

N
QN , Z̄N =

1

N
ZN ,

R̄f,N =
1

N
Rf,N , R̄t,N =

1

N
Rt,N , D̄f,N =

1

N
Df,N , D̄t,N =

1

N
Dt,N .

(B.1)

Note that XN = (XN
p (t),XN

n (t)), and similarly address the other symbols in (B.1). Then, we have

Z̄N
p (t)+ Z̄N

n (t)≤ 1,

Q̄N
i (t) = X̄N

i (t)− Z̄N
i (t), i= p,n,

X̄N
i (t) = X̄N

i (0)+ ĀN
i (t)− R̄f,N

i (t)− R̄t,N
i (t)− D̄f,N

i (t)− D̄t,N
i (t), i= p,n.

Similar to Atar et al. (2010), we define the following events, given T and δ ∈ (0,1):

En
A =

{
max
i=p,n

sup
t∈[0,T ]

∣∣∣∣ĀN
i (t)−

λN
i

N
t

∣∣∣∣< δ

}
,

En
D =

{
max
i=p,n

sup
t∈[0,T ]

∣∣∣∣∣D̃N
i (Nt)

N
− µ̄N

i t

∣∣∣∣∣< δ

}
,

En
R =

{
max
i=p,n

sup
t∈[0,KT ]

∣∣∣∣∣ R̃N
i (Nt)

N
− θ̄Ni t

∣∣∣∣∣< δ

}
.

and EN =EN
δ,T :=En

A∩En
D ∩En

R, where K =K(T ) = (cλT )/2+M +1 and cλ = supN maxi∈{p,n}(λ
N
i /N)<∞.

The following Lemma B.1 is similar to Lemma 2.1 in Atar et al. (2010), where the main difference is that

we consider linear combinations of Poisson processes (that is, D̄N
i (t) and R̄N

i (t)) rather than a single Poisson

process.

Lemma B.1 Let T > 0 and δ ∈ (0,1) be given. Fix a sequence of policies πN ∈ ΩN ,N ∈ N. Then on the

event EN , one has, for every N ,∣∣∣∣D̄N
i (t)− µ̄N

i

∫ t

0

Z̄N
i (s)ds

∣∣∣∣∨ ∣∣∣∣R̄N
i (t)− θ̄Ni

∫ t

0

Q̄N
i (s)ds

∣∣∣∣< δ, i= p,n; t∈ [0, T ], (B.2)

and, with K =K(T ) as above, ∫ T

0

Q̄N
i (s)ds≤KT, i= p,n.

Furthermore, P(EN)→ 1 as N →∞.

Our proof follows a similar line of argument as Proposition 4.1 and Theorem 5.1 in Atar et al. (2010).

Before formally presenting the proof of the proposition, we summarize the main adjustments made with

respect to Atar et al. (2010):
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1. In our study, patients of mixed types coexist within the same queue. We, therefore, take this into

account when incorporating abandonments and service completion. For example, for Queue p (Queue

n), servers provide services for true positives (true negatives) and false positives (false negatives) at

different rates. We thus use D̄N
i (t) to accommodate all the service completions involving heterogeneous

patients by time t for Queue i, i = p,n (rather than DN
i (t) in Atar et al. (2010), which related to a

homogeneous queue). We show that this process, with a weighted average rate µ̄N
i , i = p,n satisfied

P(EN
D ) = 1 as N →∞ (see Lemma B.1 and its proof for details). Similarly, we apply the same approach

to heterogeneous patients who abandon the queue while waiting.

2. Our objective function includes benefit terms directly tied to allocation decisions. The normalized

average benefit BN,T (π
N), is

1

NT
E
[∫ T

0

(
bNp Z

N
p (t)+ bNn Z

N
n (t)

)
dt

]
.

In the fluid objective function, this corresponds to bfpfpµ
f
p z̄p + bfnfnµ

f
nz̄n.

3. Our problem is formulated as a benefit maximization problem, whereas the problem studied in Atar et al.

(2010) is a minimization problem. Therefore, we first transform our benefit maximization problem into

an equivalent cost minimization problem. Following this transformation, the proof proceeds similarly

to that in Atar et al. (2010).

Proof of Proposition 1(i). We start by providing the following notation

CN,T (π
N) :=−BN,T (π

N) =− 1

NT
E
[∫ T

0

[
bNp Z

N
p (t)+ bNn Z

N
n (t)− c̄Np Q

N
p (t)− c̄Nn Q

N
n (t)

]
dt

]
,

VN,T =−UN,T = infπN∈ΩN CN,T (π
N), and V ∗ =−U∗ = c̄q∗ − bz∗.

To prove limsupT→∞ limsupN→∞UN,T ≤U∗, it suffices to prove that

v := lim inf
T→∞

lim inf
N→∞

VN,T ≥ V ∗.

Let ε be an arbitrary and positive number. Fix T ≥ c0/ε and c0 ≥M , and we can find a sequence of policies

πN ∈ ΩN to ensure lim infN→∞CN,T (π
N)≤ v + 2ε. Let ρ(ε) be a function which vanishes at 0 when ε= 0.

Next, we just need to show that

lim inf
N→∞

CN,T (π
N)≥ V ∗ − ρ(ε) (B.3)

is true, and then we have

V ∗ − ρ(ε)≤ lim inf
N→∞

CN,T (π
N)≤ v+2ε.

That is, V ∗ ≤ v because ε is arbitrary.

Next, we show that (B.3) holds. Denote by qNi =
1

T

∫ T

0
Q̄N

i (s)ds and zN
i =

1

T

∫ T

0
Z̄N

i (s)ds, i= p,n. Following

the proof of Proposition 4.1 by Atar et al. (2010), there is a N0 =N0(ε) satisfying that

c̄qN − bzN ≥ V ∗ − ρ(ε)

for all N >N0 based on the event EN . Therefore, we have

CN,T (π
N) =E

[
c̄qN − bzN

]
≥E

[
IEN (c̄qN − bzN)

]
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and

lim inf
N→∞

CN,T (π
N)≥ (V ∗ − ρ(ε)) lim inf

N→∞
P(EN) = V ∗ − ρ(ε)

by P(EN)→ 1 as N →∞ in Lemma B.1, where 1(·) is an indicator function (that is, 1(·) = 1 when event (·)

holds, otherwise 0). This proves that (B.3) holds, and concludes the proof of Proposition 1(i).

Proof of Proposition 1(ii). This proof, which includes two parts, is similar to the proof of Theorem 5.1

in Atar et al. (2010). In the first step, we establish that

up := lim inf
T→∞

lim inf
N→∞

BN,T (π
N
p )≥U∗. (B.4)

– Step 1. First, we have

BN,T (π
N
p ) =

1

T
E
[
1EN

[∫ T

0

[
bN Z̄N(t)− c̄NQ̄N(t)

]
dt

]]
+

1

T
E
[
1(EN

δ,T
)c

[∫ T

0

[
bN Z̄N(t)− c̄NQ̄N(t)

]
dt

]]
.

(B.5)

Based on Lemma 5.1 in Atar et al. (2010), there exists Tϵ satisfying

sup
t∈[Tϵ,T ]

∥Z̄N(t)− z∗∥∨ ∥Q̄N(t)− q∗∥< ε,

for every positive ε and N >N0 on the event EN
δ,T . Note that δ and N0 rely on ε and T . Therefore, for the

first term on the right-hand side of (B.5), we have

1

T
E
[
1EN

[∫ T

0

[
bN Z̄N(t)− c̄NQ̄N(t)

]
dt

]]
=

1

T
E1EN

[[∫ Tε

0

[
bN Z̄N(t)− c̄NQ̄N(t)

]
dt

]
+

[∫ T

Tε

[
bN Z̄N(t)− c̄NQ̄N(t)

]
dt

]]
≥− ||c̄N ||K(Tε)Tε

T
+

||bN ||Tε

T
− c̄Nq∗ + bNz∗ − ||c̄N ||ε− ||bN ||ε,

(B.6)

where ||x|| represents the 1-norm of x. The inequality in (B.6) is from Lemma B.1. For the second term on

the right-hand side of (B.5), we have

1

T
E
[
1(EN

δ,T
)c

[∫ T

0

[
bN Z̄N(t)− c̄NQ̄N(t)

]
dt

]]
≥E

[
1(EN

δ,T
)c(||bN Z̄N − c̄NQ̄N ||∗T )

]
, (B.7)

where ||f ||∗T represents inf0≤t≤T ||f(t)||. Notice that due to the uniform integrability of ||X̄N ||∗T and Z̄N
p (t)+

Z̄N
n (t)≤ 1, ||bN Z̄N − c̄NQ̄N ||∗T is also uniformly integrable. Then, from (B.5), (B.6), (B.7) and Lemma B.1,

considering N →∞ and T →∞, we have

up ≥−c̄q∗ + bz∗ − ||c̄||ε− ||b||ε.

Since ε can be arbitrarily small, we get that up ≥U∗.

– Step 2. In Proposition 1(i), we established that limsupT→∞ limsupN→∞UN,T ≤U∗ as well as

limsup
T→∞

limsup
N→∞

UN,T ≥ limsup
T→∞

limsup
N→∞

BN,T (π
N
p ), (B.8)

and thus we have

limsup
T→∞

limsup
N→∞

BN,T (π
N
p )≤U∗. (B.9)
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Combining (B.9) and (B.4), we obtain

limsup
T→∞

limsup
N→∞

BN,T (π
N
p ) = lim inf

T→∞
lim inf
N→∞

BN,T (π
N
p ) =U∗. (B.10)

Consequently, from (B.8), (B.10) and Proposition 1(i), we get

limsup
T→∞

limsup
N→∞

UN,T =U∗.

Finally,

limsup
T→∞

limsup
N→∞

UN,T = lim inf
T→∞

lim inf
N→∞

BN,T (π
N
p ) =U∗,

which concludes the proof of Proposition 1(ii). Q.E.D.

Proof of Lemma B.1 For a fixed i, the inequality
∣∣∣D̄N

i (t)− µ̄N
i

∫ t

0
Z̄N

i (s)ds
∣∣∣ < δ holds for every t

satisfying
∫ t

0
Z̄N

i (s)ds < T by the definition of event En
D. Considering Z̄N

p (t)+ Z̄N
n (t)≤ 1, thus

∫ t

0
Z̄N

i (s)ds≤ T

naturally holds.

Similarly, the inequality
∣∣∣R̄N

i (t)− θ̄Ni
∫ t

0
Q̄N

i (s)ds
∣∣∣< δ holds for every t satisfying

∫ t

0
Q̄N

i (s)ds≤KT by the

definition of event En
R. Next, we prove

∫ t

0
Q̄N

i (s)ds≤KT . According to

Q̄N
i (t) = X̄N

i (t)− Z̄N
i (t) = X̄N

i (0)+ ĀN
i (t)− R̄N

i (t)− D̄N
i (t)− Z̄N

i (t),

we have Q̄N
i (t) ≤ X̄N

i (0) + ĀN
i (t) because Z̄N

i (t), R̄N
i (t), and D̄N

i (t) are non-negative. Due to X̄N
i (0) ≤M

(the Assumption 1(ii)) and ĀN
i (t)≤ δ+ λ̄N

i t (the definition of event EN
A ), we then obtain∫ t

0

Q̄N
i (s)ds≤

∫ t

0

(M + δ+λN
i t)ds=Mt+ δt+

1

2
λ̄N
i t

2 ≤KT,

Consequently,
∣∣∣R̄N

i (t)− θ̄Ni
∫ t

0
Q̄N

i (s)ds
∣∣∣< δ holds and inequality (B.2) is true.

Finally, since ĀN
i (t) =

1

N
AN

i (t), where A
N
i (t) is a Poisson process with rate λN

i , and limN→∞
1

N
λN
i = λi, it

follows that P(EN
A )→ 1 as N →∞. Furthermore, because both D̃f,N

i (t) and D̃t,N
i (t) are Poisson processes,

the linear combination of them, D̃N
i (t), is also a Poisson process with rate µ̄N

i . Meanwhile, we have,

lim
N→∞

µ̄N
i = lim

N→∞
(fiµ

f,N
i +(1− fi)µ

t,N
i ) = fiµ

f
i +(1− fi)µ

t
i = µ̄i.

Thus, P(EN
D )→ 1 as N →∞. For a similar reason, we have P(EN

R )→ 1 as N →∞. Therefore, P(EN)→ 1 as

N →∞ considering that events EN
A , EN

D , EN
R are mutually independent.

Q.E.D.
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