
Optimal Call-In Policies under Travel-Induced Risk:
Application to Hybrid Hospitalization

Noa Zychlinski1, Gal Mendelson1, Andrew Daw2

1 Faculty of Data and Decision Sciences, Technion – Israel Institute of Technology, Haifa 3200003, Israel
2 Marshall School of Business, University of Southern California, 3670 Trousdale Pkwy, Los Angeles, CA 90089, USA

noazy@technion.ac.il, galmen@technion.ac.il, dawandre@usc.edu

Hybrid hospitals combine on-site hospitalization with remote care via telemedicine, requiring new opera-

tional policies to balance costs, efficiency, and patient well-being across both care modalities. We address

two key questions: (i) how to assign patients to remote or on-site care based on individual characteristics

and proximity, and (ii) how to optimally allocate shared medical resources between care modes and patient

types.

We develop a stochastic model using Brownian Motion to capture the randomness in recovery and

travel-related risk during remote and on-site care. While the optimal call-in threshold is shaped by a cost-

minimization objective, its behavior – specifically, its non-monotonicity in travel time and the narrowing

of the effective distance range for more severe cases – is also driven by clinical constraints on allowable

delays before hospital admission. These constraints, motivated by medical guidelines, limit the threshold

and lead to cases where remote hospitalization becomes infeasible for very distant or severely ill patients.

Under resource constraints, the optimal solution mirrors a simultaneous increase in remote and on-site costs

relative to the abundant-resource case. For multiple patient types, we characterize how optimal thresholds

shift with resource availability.

Our findings indicate that distant patients may at times be better served by on-site care. This outcome

arises not purely from economic trade-offs, but from the interplay between clinical constraints (e.g., safe

limits on call-in delays), operational considerations, and treatment costs. These insights can help inform

healthcare decision-makers and policymakers in designing hybrid care systems.
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1. Introduction

The COVID-19 pandemic has significantly accelerated the adoption of telemedicine, which now

plays a major role in healthcare delivery (Bokolo 2020, Kadir 2020). Telemedicine enables real-time

remote clinical services, connecting patients and providers via video conferencing and monitor-

ing (Monaghesh and Hajizadeh 2020), with benefits such as travel cost savings, reduced disease

exposure, and improved healthcare efficiency (Hur and Chang 2020).

Recent advances have extended telemedicine to remote hospitalization, offering home-based

alternatives to traditional care (Zychlinski et al. 2024). Institutions like Sheba Beyond, affiliated

with Sheba Medical Center, deliver remote examinations, monitoring, and rehabilitation, aiming
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to improve access to top-tier medical care. Similar programs are emerging worldwide, including

in Australia (Hutchings et al. 2021), China (Francis et al. 2021), and the U.S. In the U.S., 186

hospitals joined Medicare’s “Acute Hospital Care at Home” program in its first year (Clarke et al.

2021), allowing inpatient-level care at home. McKinsey & Company projects that virtual hospitals

could free bed capacity, reduce hospital construction needs, and save hundreds of millions of dollars

(Boldt-Christmas et al. 2023). The American Hospital Association similarly promotes this model

via its “Value Initiative.”

Naturally, these programs often focus on rural patients, who face significant barriers to care due to

distance. Millions in the U.S., China, Brazil, and England live in “hospital deserts” (Behrman et al.

2021, Jiao et al. 2021, Gong et al. 2021, Noronha et al. 2020, Verhagen et al. 2020), where access

delays and limited transportation options lead to worsened health outcomes (Kelly et al. 2014). A

2024 report by the Center for Healthcare Quality and Payment Reform warns that over 100 U.S.

rural hospitals have closed in the past decade, with over 700 more at risk, including 360 facing

immediate threat.

This strained rural healthcare landscape is compounded by growing health disparities between

rural and non-rural populations (Lewis 2022). In the U.S., despite overall mortality declines from

1999 to 2019, rural communities have seen widening death gaps across leading causes such as heart

disease, cancer, and respiratory illness (Curtin and Spencer 2021, Cross et al. 2021). Rural areas

have also faced higher COVID-19 death rates (Ullrich and Mueller 2023), rising “deaths of despair”

from addiction, overdoses, and suicides (Case and Deaton 2015, 2017), and increased mortality

from injuries (Olaisen et al. 2019).

While telemedicine offers promise for improving rural healthcare access (Ishfaq and Raja 2015)

and could mitigate hospital closures, this paper highlights a critical operational issue: the patients

who stand to gain most from home hospitalization also face elevated risk when called in for hospital

care. Distant patients who must travel greater distances may arrive in worse condition, resulting in

longer and more costly hospital stays. Hybrid hospitals that combine on-site and remote care thus

create new operational challenges, requiring models and policies that balance cost-effectiveness with

clinical and operational considerations. The often-overlooked impact of patient travel motivates

this paper’s first-order, static-planning analysis of hybrid hospitalization.

More specifically, our study focuses on a hybrid hospital model incorporating a virtual Emer-

gency Department (ED), where patients undergo remote examinations and consultations upon

experiencing illness. Based on these assessments, physicians either admit patients to remote hospi-

talization or refer them for immediate on-site admission. For remotely admitted patients, physical

examinations are performed using telehealth technologies such as TytoCare®, which enable remote

collection of clinical data, visuals, and diagnostic information (Zychlinski et al. 2024). Physicians

https://www.mckinsey.com/industries/healthcare/our-insights/virtual-hospitals-could-offer-respite-to-overwhelmed-health-systems
https://www.aha.org/hospitalathome
https://ruralhospitals.chqpr.org/downloads/Rural_Hospitals_at_Risk_of_Closing.pdf
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review these inputs, provide visit summaries, and may issue lab orders, prescriptions, or treatment

instructions. Remote patients either recover and are discharged or, if their condition worsens, are

called in for on-site hospitalization, a scenario we refer to as “call-in.”

A key feature of our model is the explicit incorporation of deterioration risk during patient

transport, a phenomenon supported by well-documented clinical evidence. Patients transferred

to the hospital after receiving remote care typically represent a vulnerable subset whose condi-

tion has already worsened, making them particularly susceptible to further deterioration during

transport. Several studies across various clinical domains reinforce this concern. For example,

Parmentier-Decrucq et al. (2013) report that 45% of critically ill patients experience adverse events

during intrahospital transport, with 26% classified as serious, including hypotension and hypoxia.

Similarly, Jia et al. (2016) find that 79.8% of transports involve at least one adverse event, with

33.2% being severe, such as cardiac arrest or severe hypotension. The physiological challenges asso-

ciated with transport—including limited monitoring, movement-induced instability, and physical

and psychological stress—are well recognized (Fanara et al. 2010, Droogh et al. 2015, Murata et al.

2022). In the specific context of hospital-at-home programs, Levine et al. (2020) and Leff et al.

(2005) emphasize that patients who require escalation to in-hospital care following remote moni-

toring are typically those who have already experienced clinical deterioration, further highlighting

their vulnerability during transfer.

The first question we address is how to optimally set the call-in policy to minimize total oper-

ational cost. Based on each patient’s characteristics, the hybrid hospital must decide whether to

admit the patient remotely or on-site. For remote admissions, it must also determine at which

health condition the patient should be called in. These decisions depend on marginal treatment

costs, patient proximity, and the risk of deterioration during travel.

The second question concerns resource allocation across remote and on-site care. In our moti-

vating example from Sheba Beyond, medical staff are split into two teams responsible for either

remote or on-site patients—a structure we adopt in our model. Thus, resource allocation interacts

directly with the call-in policy, as call-in decisions affect the workload of each team.

To address both questions, we develop a model centered on the stochastic progression of

each patient’s health, represented by an acuteness score aggregating clinical measures to sup-

port discharge decisions. Such scores are widely used in practice, including the Aldrete score for

post-surgical discharge (Aldrete 1994), pneumonia severity indices (Capelastegui et al. 2008), the

Anderson-Wilkins score for cardiac patients (Anderson et al. 1992), and the ADL score for SNFs

and rehabilitation (Bowblis and Brunt 2014).

We capture the system’s dynamics by modeling the evolution of each patient’s health condition

during remote and on-site hospitalization using drifted Brownian motions (BMs), with parameters
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that depend on patient-specific characteristics. This level of modeling detail allows us to reflect the

fact that, while patients generally improve on average during treatment, random fluctuations in the

recovery process may still lead to temporary or permanent deterioration. The relevant quantities

in our analysis are hitting-time statistics—both expectations and probabilities—that determine

the length of stay (LOS) in each care modality and parsimoniously capture the risk that a patient

under remote care may need to be called in to the hospital due to clinical deterioration.

Modeling each patient’s health evolution as a drifted Brownian motion provides both flexibility

and analytical tractability in linking service design decisions to clinical and operational outcomes.

While we do not intend this model to serve as a literal depiction of how a patient’s severity evolves in

practice, it offers a parsimonious abstraction that captures the essential interplay between recovery,

deterioration, and travel-related risk, enabling transparent analysis without sacrificing key quali-

tative behaviors. This model enables the derivation of practically meaningful and implementable

policies. In contrast, deriving informative solutions under more general stochastic processes would

be significantly more complex and potentially impractical.

An additional advantage of the BM modeling approach lies in its empirical accessibility: its

parameters can be estimated directly from historical data using relatively simple procedures. In

particular, the hitting times of a drifted Brownian motion follow an inverse Gaussian distribution,

a distribution that has been widely used to model LOS in healthcare systems. This well-established

statistical foundation further supports the relevance and applicability of our modeling framework

(see Remark 2 and Appendix D for further details).

Our work sheds light on the complex operational challenges in managing hybrid hospitals. We

focus on the design of the health network, optimizing both the treatment mix for each patient

profile and the allocation of shared resources across remote and on-site care. We address these

questions through a static-planning model of the hybrid system.

The main contributions of this paper are as follows:

Optimal design of hybrid hospitalization: We study the operations, design, and manage-

ment of a hybrid acute-care system combining on-site and remote hospitalization. By modeling

patients’ health evolution with stochastic dynamics that depend on care type, we derive optimal

treatment mixes and call-in policies based on patient characteristics and travel distance. We explic-

itly analyze how marginal cost differences and patient proximity jointly determine when remote

hospitalization is preferable.

First-principles modeling at the patient level: We model patient health trajectories

directly, rather than adopting a queueing-first approach. Brownian motion offers a natural frame-

work to capture how travel time interacts with clinical severity. This structure yields tractable,

flexible models directly linked to key managerial decisions—call-in thresholds and resource alloca-

tion—without requiring restrictive queueing assumptions.
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Consequences of patient travel and the risk of distance: While home hospitalization is

often viewed as a means to improve access for rural patients, our model reveals that distant patients

may at times be better served by on-site care. This outcome stems from a clinically motivated con-

straint that limits the maximum allowable delay before patient transfer, which becomes increasingly

restrictive as travel time grows. As a result, the range of distances for which remote hospitalization

is feasible contracts with worsening patient condition, even if remote care is otherwise less costly.

These findings highlight how operational and clinical constraints, beyond economic trade-offs, can

shape care decisions in hybrid hospital systems.

Allocation strategies in hybrid healthcare networks: We extend the model to settings

with limited resources, such as medical staff, allocated between care modes. Depending on the

ratio of improvement rates, we identify three structural cases governing the system workload.

Scarcity shifts both on-site and remote costs upward by the same amount while preserving the

solution structure from the unconstrained case. Importantly, optimal resource allocation can be

non-monotonic: as total resources decline, a larger fraction may sometimes be allocated to one care

mode over the other.

Management across heterogeneous populations: When multiple patient types compete

for limited resources, optimal call-in thresholds and workload allocations shift in complex ways

as resources change. Call-in policies must adjust to resource availability to maintain cost-effective

care. By first analyzing the single-type case, we derive structural insights that enable full charac-

terization of the multi-type optimization despite its non-convexity.

The rest of the paper is organized as follows. Section 2 reviews related literature. Section 3

presents the stochastic model and optimization framework. Section 4 develops the core results for

a homogeneous patient population, and Section 5 extends the analysis to multiple patient types

competing for limited resources. Section 6 concludes and outlines directions for future research. All

proofs are provided in the appendix.

2. Literature Review

This paper is related to two main lines of literature. The first applies queueing systems and stochas-

tic processes to study the operations of health services. The second is related to health progression

modeling. We provide here a brief review of the related literature along these two streams.

Stochastic models and queueing systems have been used to address many different healthcare

applications and derive associated operational insights and policies (e.g., Mills et al. 2013, Shi et al.

2016). One of the challenges in managing such complex healthcare systems is how to allocate scarce

resources and prioritize patients over these resources (e.g., Sun et al. 2018). While classical models

in queueing theory assume that service times are independent random variables with fixed, if not
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identical, distributions, empirical studies show that there is flexibility in setting transfer/discharge

decisions in healthcare; these decisions, in turn, have an effect on patient outcomes and LOS

(Kc and Terwiesch 2012, Bartel et al. 2020). Here, we build upon prior works that have shown the

benefit of modeling in finer detail, such as the controlled queueing models studied in works like

Hopp et al. (2007) and Chan et al. (2014).

Protocols for adaptive discharge of individual patients, from a single station, were developed

in Shi et al. (2021), where a Markov decision process (MDP) is integrated with data to support

discharge decisions from inpatient wards. They suggested an efficient dynamic heuristic that bal-

ances personalized readmission-risk prediction and ward congestion. Perhaps most similar to our

setting is Armony and Yom-Tov (2021), which developed discharge rules specifically for hematol-

ogy patients. For these, a longer hospital stay carries risk (infections) but also the ability to take

care of such infections. Relative to Shi et al. (2021), Armony and Yom-Tov (2021), and the prior

literature, we go beyond a single-station analysis to study a new setting: the hybrid hospital, which

includes both on-site and remote hospitalization. The direction in which our patients may move is

also a relevant contrast; for instance, Armony and Yom-Tov (2021) focuses on the flow of patients

from the on-site hospital to home, whereas we are concerned with the cases in which a patient’s

deterioration in health status (or the risk thereof) necessitates that they travel from home to be

treated on-site.

Our focus includes decisions on each patient’s hospitalization option, call-in thresholds for remote

patients, and resource allocation, considering patient characteristics and distance from the hospital.

Furthermore, to the best of our knowledge, the present paper is the first to study how patient travel

time (or distance) impacts both the severity of the patient’s health condition and the performance

of a telemedicine system. Our results show that travel is indeed an important operational factor

for hybrid health networks. The stochastic model we use to capture the evolution of patients’

health over time (in both hospitalization options and during travel) enables us to derive structural

solutions and insights. These insights also address the question of whether and how telemedicine-

based hospitalization can mitigate rural and non-rural healthcare disparities.

Our work also contributes to the literature on health progression modeling, which has pri-

marily focused on discrete state models. For instance, Shi et al. (2021), Deo et al. (2013), and

Nambiar et al. (2020) explicitly modeled the individual patient progression by using a Markov chain

model. Grand-Clément et al. (2020) used an MDP to describe the evolution of patients’ health con-

dition and derive a proactive transfer policy to a hospital Intensive Care Unit (ICU). Bavafa et al.

(2019) modeled patient health dynamics using a Markovian continuous-time framework with three

states: “healthy,” “intermediate,” and “sick.” Bavafa et al. (2021) analyzed primary care delivery

through e-visits where patients become sick after an office visit, necessitating another visit after a
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random period, through a model with an increasing failure rate, linking longer intervals between

visits to a higher sickness likelihood. More recently, Bavafa et al. (2022) introduced a model cap-

turing patients’ evolving health condition to study optimal discharge health, impacting readmission

probability. In this work, we also use a single aggregated health score to describe patients’ health

condition. Our model uses Brownian motion dynamics as the underlying mechanism to capture the

dynamic evolution of an individual patient’s health condition at each location. Being a BM model,

it is fully characterized by its mean recovery speed (the drift) and variability of actual recovery

(the diffusion coefficient). Modeling via drifted BMs has been used in sequential decision making

and in the modeling of healthcare decisions (Siegmund 2013, Wang et al. 2010), but, to the best of

our knowledge, it has not yet been used to model the progression of the patient’s health condition.

Nevertheless, we will show how this model reproduces some LOS distributional assumptions com-

monly made in the literature, and this connection shows how our model parameters can be driven

by data. We use the BM health score progression model to answer macro-level design questions,

around which further refinement, such as dynamic control for individual patients, can be done.

3. Modeling Hybrid Hospitalization and Patient Health Progressions

Since the decision to hospitalize on-site or remotely is made at patient assessment, our hybrid hos-

pital model begins after triage via a virtual Emergency Department (ED), as depicted in Figure 1.

Following assessment, patients are either admitted remotely or referred for immediate on-site care.

Remotely admitted patients either recover and are discharged or, if their condition deteriorates to

a threshold (set by the hospital and potentially patient-specific), they are called in to complete

treatment on-site.

Figure 1 Illustration of the hybrid hospital service network stations.
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We use the terms “severity,” “health condition,” or “health score” interchangeably in reference

to a measure of clinical acuity. The higher the score, the worse the health condition is. This health

score will be the state by which the hybrid health model makes decisions at the patient-level. Let

us illustrate this now at a sample path level for the patient severity.
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Suppose that a patient arrives to the virtual ED for triage and routing with an initial health

score x ∈ R+. Upon arrival, a decision must be made as to whether to admit them remotely or

on-site (following travel). If admitted on-site, we will assume that the hybrid hospital employs a

policy such that the patient will remain on-site until they fully recover, meaning their health score

reaches 0. If admitted remotely, the patient will likewise stay in at-home hospitalizations until

their health score first reaches one of two thresholds: 0, which again denotes recovery, and x+a(x)

for some a(x) ≥ 0, which is the “call-in” threshold. That is, if an at-home patient’s health score

reaches 0 before it reaches x+a(x), they are discharged from the hybrid hospital’s care. Otherwise,

when their score reaches x+ a(x), they travel to the hospital, where they are admitted and stay

there until they are healthy. Note that the call-in threshold depends on the initial health score.

Nevertheless, to keep the notation concise, we will refer to a(x) simply as a in what follows.

We denote the travel time to the hospital by T . Note that if a= 0, the patient is automatically

admitted on-site, and if a > 0, they are automatically first admitted remotely. Hence, the call-in

threshold a parsimoniously captures the health network’s primary patient-level design decision:

under what conditions should (or can) a patient be hospitalized remotely?

Remark 1 (Absolute versus relative call-in thresholds). Although we formulate the

call-in decision using a relative threshold a(x) that depends on the initial condition, the resulting

admission rule is effectively equivalent to an absolute threshold on the patient’s health score.

Specifically, as will be shown later when characterizing the optimal call-in threshold (Proposition 3),

patients are admitted once their health score reaches a fixed absolute level. The relative formulation

is used mainly for modeling convenience.

3.1. Stochastic Dynamics of the Individual Health Score

We model the evolution of a patient’s health conditions through negative-drift BMs, which capture

the average rates of recovery during hospitalization as well as the randomness in the actual recovery.

Specifically, the health score of a patient that begins remote hospitalization with initial health

score x> 0 is given by the process

BR(t) = x+σRB
R(t)− θRt,

where BR(t) is a standard BM, θR > 0, and σR > 0. Thus, BR(t) is a negative-drift BM, starting

at the initial score x, with drift −θR and diffusion coefficient σR.

While the improvement rate at home being positive implies that home-hospitalized patients tend

toward recovery and eventual discharge, randomness allows the health score to potentially increase

at any point, meaning that the patient’s condition can become more severe. If a remotely hospi-

talized patient’s condition deteriorates too much, they are called in to the hospital and complete
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the treatment there. The patient’s LOS in remote hospitalization thus can be described as the

hitting time at which the patient’s severity reaches either health condition 0 (discharge) or health

condition x+ a (called-in):

τR(x,a) = inf{t≥ 0 :BR(t) = 0 or BR(t) = x+ a}.

Accordingly, the call-in likelihood, P (BR(τR(x,a)) = x+ a), is the probability that a remotely

hospitalized patient with initial health condition x will deteriorate so as to necessitate call-in before

they are discharged. The expected LOS of remote hospitalization is E [τR(x,a)], and both these

mean and the call-in probability are readily available. We have

px(a) := P
(

BR(τR(x,a)) = x+ a
)

=
1− e−ρx

eρa − e−ρx
,

where we define ρ := 2θR/σ
2
R > 0. In terms of this probability, the mean LOS is given by

E [τR(x,a)] =
1

θR
((1− px(a))x− px(a)a) . (1)

If a patient is called in to the hospital (whether at first virtual triage or after some initial

home hospitalization), they must travel from their home, and, naturally, their health condition

may further degrade while traveling. During this transition period, we assume that the patient’s

health score changes according to a random variable Z(x,a,T ), supported on (−x− a,∞). This

formulation captures the inherent uncertainty during transport: depending on individual circum-

stances, the patient’s condition may deteriorate, remain stable, or even slightly improve (e.g., due

to spontaneous recovery). Nevertheless, clinical studies suggest that, on average, transport exposes

patients to physiological risks that make deterioration more likely than improvement (Fanara et al.

2010, Parmentier-Decrucq et al. 2013, Droogh et al. 2015, Jia et al. 2016). Therefore, we model

the expected value of Z(x,a,T ) as TθT , where θT ≥ 0, reflecting the expected deterioration during

travel, which may vary across settings and patient populations and can be small or even negligible

under optimal transport conditions.

The model dynamics of a patient’s severity at the hospital are similar to that of the remote case,

but with the important difference that the initial starting health score being random, dependent

on the patient’s condition after the transit. The patient’s health score’s evolution is determined by

BH(t) = x+ a+Z(x,a,T )+σHB
H(t)− θHt,

where BH(t) is a standard BM, θH > 0, and σH > 0. We assume that the arrival process,

BR,Z, and BH are independent. Define

τH(x,a,Z) = inf{t≥ 0 :BH(t) = 0},
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to be the patient’s LOS at the hospital. Given Z =Z(x,a,T ), τH(x,a,Z) is the time it takes a BM

with a negative drift −θH , starting at x+ a+Z to hit zero. The expected LOS at the hospital is

therefore

E [τH(x,a,Z)] =E [E [τH(x,a,Z) | Z]] =
1

θH
E [(x+ a+Z(a,x,T ))] =

1

θH
(x+ a+TθT ) . (2)

Finally, we complete the patient-level model by encoding a required clinical constraint, which

enforces that the hospital never allows the patient to become too ill while being treated remotely.

Let S̄ be the most severe health condition allowed outside the hospital (in expectation). The call-

in threshold then must satisfy that x+ a+ TθT ≤ S̄. Letting Ā=
(

0∨ (S̄−x−TθT )
)

, this policy

constraint implies a∈ [0, Ā] =A. Note that when S̄ < x+TθT , the call-in threshold must be zero.

To support the practical relevance of this clinical constraint, we note that distance and travel

time are indeed considered in hybrid and virtual-hospital decision making. Our clinical collabora-

tors at Sheba Beyond report that physicians routinely account for a patient’s distance from the

hospital when determining whether remote hospitalization is appropriate and when a deteriorat-

ing patient should be called in. This practice aligns with empirical evidence showing that travel

time meaningfully affects clinical presentation and access to care. For example, Kelly et al. (2014)

document distance-related delays in reaching hospital services in rural settings, and Clark et al.

(2025) show that longer travel times are associated with more severe disease at presentation and

higher resource utilization. Broader reviews similarly identify travel time and distance as major

determinants of access to healthcare services Mseke et al. (2024). In addition, explicit travel-time

thresholds have been linked to increased clinical risk in emergency care Jang et al. (2021) and

trauma settings Berry (2025). These findings collectively support modeling distance-dependent

deterioration and a maximum allowable delay before hospital admission.

Figure 2 depicts three sample-path scenarios, all of which commence with a patient’s health

score at x and involve a travel time of T (if necessitated by the health progression). In Scenario 1,

the patient is admitted remotely, improves, and is discharged once their health score reaches zero.

In Scenario 2, the patient is initially admitted remotely but experiences a decline in health. When

the patient’s health score reaches the predefined call-in threshold of x+a, they are called in to the

hospital. During the journey to the hospital, the patient’s health continues to deteriorate. Upon

admission to the hospital, their health score is x+a+Z(x,a,T ), and from that point onward, the

patient’s condition improves. In Scenario 3, the patient is called in to the hospital immediately

upon arrival (i.e., a= 0). Upon admission and travel to the hospital, the patient’s health score is

x+Z(x,a,T ), and from that point onward, the patient recovers on-site.
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Figure 2 Three illustrative examples of patient’s health score evolution.
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Remark 2. [LOS distribution and parameter estimation] Although we are interested in this

BM model for its within-care representation of the patient’s health progression, let us note that its

hitting-time-based LOS actually reproduces the inverse Gaussian distribution already common in

healthcare modeling (e.g. Whitmore 1975, Hashimoto et al. 2023). In Appendix D, we provide more

details on this connection and use it to explain how the BM model parameters can be estimated

from real-world healthcare data, motivating the data requirements of our model. �

3.2. A Static Planning Problem for Multi-Patient Hybrid Health Networks

The discussion so far has centered around the primary modeling focus of this paper, meaning the

health progression of an individual patient. Nevertheless, the foremost scope for decision making

in this paper is the design of novel hybrid health networks that offer both at-home and on-site

hospitalization to many different patients, where these multiple patient types may vie for the hybrid

hospital’s limited resources. Let us now connect the individual-level to the system-level in terms

of both the health network’s objectives and its limitations.

Average cost-of-care objective. Because the negative drifts inherently capture health con-

ditions that eventually improve, we will take the average cost of care as the primary metric by

which these system-level decisions are assessed. Building first from a single patient type for the
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sake of clarity, let hR and hH denote the holding cost rate for remote and on-site hospitalization,

respectively, for this focal patient type. Similarly, hT denotes the cost rate during patient travel.

Additionally, suppose that patients (of this particular type) arrive according to a Poisson process

with rate λ> 0. Then, the total long run average cost can be written

λ
(

hRE [τR(x,a)] +
(

hTT +hHE [τH(x,a,Z)]
)

px(a)
)

= λ

(

hR

θR
((1− px(a))x− px(a)a)+ px(a)

(

hTT +
hH

θH
(x+ a+ θTT )

))

. (3)

We refer to (3) as the average cost of care for this patient type under call-in threshold a. A full

justification for interpreting (3) as the system’s long-run average cost appears in Appendix A. In

the main text, we take this expression as the core objective in our static planning problem.

Before introducing the optimization constraints and multi-type problem, we first define con-

densed notation by rewriting the value function (3) as:

λ

(

hR

θR
((1− px(a))x− px(a)a)+ px(a)

(

hTT +
hH

θH
(x+ a+ θTT )

))

= λ (α+βpx(a)+ γpx(a)a) ,

(4)

where the constants α, β, and γ are defined as follows:

α= hRx/θR,

β =−hRx/θR +hTT +hH (x+ θTT )/θH ,

γ =−hR/θR +hH/θH .

Notice that β = γx+hTT +hHθTT/θH = γx+(hT +hHθT/θH)T .

In addition to the shorter expression, each of α, β, and γ offer interpretation to the call-in deci-

sion. First, γ represents the disparity in marginal costs between on-site and home hospitalization.

Then, β is the difference in expected costs of immediate transfer to on-site (a= 0) and never trans-

ferring (a = ∞). Hence, β measures the viability of immediate transfer versus exclusively doing

remote hospitalization. Lastly, α is the expected cost of never transferring, or simply the expected

cost per patient of exclusively doing home hospitalization.

Workload across care modalities. The hospital allocates resources, primarily medical staff,

between two groups: the on-site team treating in-hospital patients and the virtual team managing

remote patients. Focusing on a single patient type for clarity, we first define the offered workload

for each group. The on-site workload for this patient type is given by:

WH(a) :=
λpx(a)

θH
(x+ a+TθT ) ,
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and likewise denote the remote workload as

WR(a) :=
λ

θR
((1− px(a))x− px(a)a) .

Finally, let the total workload therefore be

WS(a) :=WH(a)+WR(a).

Naturally, total care workload is subject to resource constraints, which must be shared across

multiple patient types.

Notice that the workloads per patient for on-site and remote care receive the same weight in

the definition of the total workload. In practice however, the amount of resources consumed per

hour might be different for these two types of care, requiring the total workload to be defined as a

weighted sum: WS(a) := dWH(a)+(1−d)WR(a) for some d∈ (0,1). In Appendix B, we discuss how

our model and results apply to this case. While the formulation is slightly modified to incorporate

d, the structure of the optimal policy, its properties, and the main insights remain unchanged.

Minimal cost-of-care subject to limited shared resources across many patient types.

Thus far, we have described the stochastic model and health score dynamics at the individual

patient level. In practice, however, health systems must allocate medical resources across hetero-

geneous patient types, who compete for limited capacity.

Suppose the hybrid hospital serves patient types indexed by k= 1, . . . ,K. We augment the prior

notation with superscripts for each type: xk is the initial health score, T k is the travel time, and

θkH is the hospital recovery rate for type k. Let λk denote the Poisson arrival rate for type k, with

independent arrival processes across types. This structure accommodates heterogeneity in both

severity and distance: some types may share travel times with varying initial conditions, others

may share severity but differ in distance, and others may differ in both.

Each patient type has its own call-in threshold ak, and we use the vector ~a = (a1, . . . , aK) to

denote the collection of thresholds, with feasible set ~A=
[

0, Ā1
]

× · · · ×
[

0, ĀK
]

.

Given a total resource capacity C shared across modalities and patient types, the hybrid hospi-

tal’s static planning problem is:

min
~a∈ ~A

V (~a) =
K
∑

k=1

λk
(

αk +βkpkx(a
k)+ γkpkx(a

k)ak
)

s.t.
K
∑

k=1

W k
S (a

k)≤C.

(5)
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For each type k, we denote the optimal threshold by a∗
C,k to emphasize its dependence on total

resources. The solution balances the total workload across on-site and remote care, ensuring that
∑

kW
k
T (a

k) does not exceed C. The behavior of W k
H and W k

R as functions of ak determines which

thresholds are feasible, directly reflecting the impact of resource scarcity, as further analyzed in

Section 4.1.

Finally, the existence of a feasible solution depends on both λk and C. Even with one patient

type, a large arrival rate λ1 combined with limited capacity C may render the workload constraint

infeasible for any a∈A. Section 4.1 characterizes the feasibility region in terms of (λ,C) pairs.

Remark 3 (Workload and waiting-time interpretation). While our analysis focuses

on finite resource allocation, the workload constraint in (5) can also be interpreted as limiting

waiting times in the hybrid network. For example, replacing C with a smaller C̃ ≤ C yields the

equivalent constraint 1/(C−WS(a))≤ 1/(C− C̃), bounding the inverse idleness. This term appears

in utilization-based approximations for mean waiting times in GI/G/C queues (see, e.g., Whitt

1993), which, though imprecise (Gupta et al. 2010), capture the well-known exponential growth

of waiting with utilization. Thus, (5) can be interpreted as minimizing cost subject to implicit

constraints on waiting times or desired staffing regimes. �

The static planning problem in (5) is generally complex and not analytically transparent. We

therefore first analyze the case of a single patient type to build intuition before turning to the

multi-type setting. When K = 1, the problem reduces to:

min
a∈A

V (a) = λ (α+βpx(a)+ γpx(a)a)

s.t. WS(a)≤C.
(6)

This single-type planning problem will be the focus of the next two sections. As before, we drop

the k superscripts when focusing on a single patient type.

4. Minimizing the Cost-of-Care for a Single Patient Type

To identify the optimal call-in threshold and the resulting allocation between on-site and home

care, we first analyze how system performance depends on this threshold. This section examines

the total workload for a single patient type and characterizes the feasible region of problem (6).

The pivotal factor influencing this behavior is the ratio of relative recovery rates: θH/θR. Addi-

tionally, let ∆> 0 be defined as

∆=
ρθTT

ρx− 1+ e−ρx
. (7)

Through these two quantities, we can classify the shape of the workload as a function of the call-in

threshold.

Proposition 1. The total workload WS(a) satisfies the following:
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1. Case 1: If θH/θR ≤ 1, then WS(a) is strictly decreasing.

2. Case 2: If 1< θH/θR < 1 +∆, then WS(a) has a unique minimum a0 in (0,∞). Moreover,

WS(a) is strictly decreasing in [0, a0) and strictly increasing in (a0,∞).

3. Case 3: If θH/θR ≥ 1+∆, then WS(a) is strictly increasing.

Figure 3 illustrates the three cases in Proposition 1.

Figure 3 An illustration of the total workload WS(a).
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Given the problem context, Cases 2 and 3 appear more realistic than Case 1, with Case 2 being

particularly relevant. It is unlikely that home recovery would surpass the full capabilities of hospital

care, and the case where the hospital is only marginally better is of particular managerial interest.

The insights from Proposition 1 will be useful in the next section when analyzing the feasibility

region, and will further support the capacitated analysis in Section 4.3.

4.1. Feasibility Region

Building on this understanding of the workload, let us now characterize, based on the given prob-

lem parameters, the (λ,C) pairs for which there exists an a ∈ A satisfying the constraint in the

optimization problem (6). The feasibility region of (6) is defined as:

CFR =
{

(λ,C)∈R
2
+ : ∃a∈A, s.t. WS(a)≤C

}

.

Let amin denote the value of a∈A for which the total workload is minimal, i.e.,

amin = argmin
a∈A

WS(a). (8)

Note that Proposition 1 guarantees that amin is unique. However, relative to the a0 in Proposition 1,

amin is restricted to the range A= [0, Ā], whereas a0 ∈R+.

Clearly, there exists a ∈ A such that WS(a)≤ C if and only if the solution to (8) is such that

WS(amin) ≤ C. Since WS(amin)/λ does not depend on λ, and amin minimizes it as well, we are

essentially looking for (λ,C) pairs such that λ (WS(amin)/λ)≤C. Using this observation in tandem

with Proposition 1, we obtain the following characterization of the feasibility region.
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Proposition 2. The feasibility region of the optimization problem (6) is given by:

CFR =
{

(λ,C)∈R
2
+ :WS(amin)≤C

}

,

where:

1. Case 1: If θH/θR ≤ 1, then amin = Ā.

2. Case 2: If 1< θH/θR < 1+∆, then amin =min{a0, Ā}> 0, where a0 is the unique minimum

of WS(a) for a∈R+ (which does not depend on λ), as in Proposition 1.

3. Case 3: If θH/θR ≥ 1+∆, then amin = 0.

Propositions 1 and 2 lay the groundwork for analyzing the full optimization problem, starting

with the single-type case in (6). We first study the unconstrained problem with C =∞, then build

on this solution to address the finite C case. The insights from the single-type setting will also

guide our extension to multiple patient types.

4.2. Optimal Call-In Structure (Unlimited Resources)

Using the notation from (4), we seek to minimize the expected cost rate subject only to the clinical

bounds on patient health:

min
a∈A

V (a) = λ [α+βpx(a)+ γpx(a)a] .

Proposition 3 characterizes the uncapacitated optimal call-in threshold a∗
∞, which may take values

in [0, Ā], where Ā= S̄ − TθT − x. If a∗
∞ = 0, on-site hospitalization is always preferred; if a∗

∞ = Ā,

remote care is fully utilized until the clinical limit. For any a∗
∞ ∈ (0, Ā), hospitalization begins

remotely, but patients are called in before reaching the maximum allowable severity.

Proposition 3 (optimal call-in threshold). Let the travel time T and initial condition x> 0

be fixed.

• If the marginal hospitalization cost is higher at the hospital (γ ≥ 0), then remote hospitalization

is always preferable, and the call in threshold is as high as allowable (a∗
∞ = Ā).

• If the marginal hospitalization cost is smaller at the hospital (γ < 0):

— If immediate transfer to on-site is either not viable (β ≥ 0) or viable but not dominant

(γ(1− e−ρx)/ρ < β < 0), then the optimal threshold is given by a∗
∞ = (ã ∧ Ā), where ã > 0 is the

unique solution to

e−ρã = (1−βρ/γ− ρã)eρx. (9)

which can be expressed by

ã=
1

ρ

(

1+W
(

−e−ρx+βρ/γ−1
))

−
β

γ
, (10)

with W(·) as the Lambert-W function (principal branch).
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— If immediate transfer is both viable and dominant (β ≤ γ(1 − e−ρx)/ρ), then a∗
∞ = 0; all

patients are treated on-site and home hospitalization is not offered.

We find that γ, the marginal cost difference between on-site and remote hospitalization, plays

a central role in determining where to hospitalize patients and when to call them in if initially

treated remotely. If γ ≥ 0, remote hospitalization is always preferred. When γ < 0, on-site care is

marginally more cost-effective, but remote hospitalization may still be beneficial depending on β,

which captures the cost impact of immediate transfer. We next examine the role of patient travel.

Figure 4 illustrates the optimal call-in threshold and probability across transfer times and initial

conditions. The parameters are based on values reported in the literature: in-hospital care is set

to hH = 100 (reflecting daily costs of $2,400–$4,000), remote care to hR = 60 (reflecting 40–60%

cost reductions Levine et al. 2020, The Commonwealth Fund 2020, Zychlinski et al. 2024), travel

cost to $15 per mile (based on US Government Accountability Office 2012), recovery rates to θH =

0.04 and θR = 0.02, and travel deterioration rate to θT = 0.2 (motivated by Fanara et al. 2010,

Parmentier-Decrucq et al. 2013, Droogh et al. 2015, Jia et al. 2016).

Remote hospitalization is not cost-effective for patients living very close or very far from the

hospital, with a∞ = 0 indicating direct on-site admission. The call-in threshold is non-monotonic in

T : it initially increases, reaching a maximum at T̂ (constant across severity levels), then decreases

back to zero. The call-in probability exhibits the opposite pattern: decreasing before rising again.

As initial severity x increases, the threshold decreases, and the distance range where remote care

is viable narrows. These properties are formalized in Theorem 1.

In rural areas, average travel times to hospitals typically range between 30 and

90 minutes (Texas A&M University Health Science Center 2023, Hearn et al. 2024,

Rural Health Information Hub 2025b,a). According to Figure 4, home hospitalization is most

effective for more severe patients who reside within approximately 10–25 minutes from the

hospital. For patients with moderate initial conditions, home hospitalization remains effective for

transfer times of up to two hours. For patients with milder initial conditions, the effective range

extends up to 3.5 hours, making remote hospitalization particularly advantageous for this group.

Specifically, to establish the decision’s dependence on distance, let us first clarify how the model

parameters depend on T . Recalling the definitions of α, β, and γ following Equation (4), we can

recognize that, among these, only β depends on T . Moreover, if we define η = hT + hHθT/θH as

the marginal cost of travel distance, then β can be simply re-expressed as β = γx+ ηT . Exploiting

this dependence, we formalize the observations from Figure 4 now in Theorem 1.

Theorem 1. Let TLB and TUB be defined such that

TLB =−
γ

η

(

x−
1

ρ

(

1− e−ρx
)

)

and TUB =
S̄−x

θT
. (11)
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Figure 4 Optimal call-in threshold and call-in probability as a function of travel time for different initial health

scores.
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Then, if the marginal hospitalization cost is higher at the hospital (γ ≥ 0), a∗
∞ > 0 if and only if

T < TUB.

Furthermore, if the marginal hospitalization cost is higher at home (γ < 0), then the T̂ which is

the unique solution to

S̄ =
1

ρ

(

1+W

(

−eηρT̂/γ−1
)

+

(

θT −
η

γ

)

T̂

)

, (12)

is such that for T ∈ (TLB, T̂ ),

∂a∗
∞

∂T
=−

η

γ

1−W
(

−eρηT/γ−1
)

1+W (−eρηT/γ−1)
> 0, (13)

and for T ∈ (T̂ , TUB),

∂a∗
∞

∂T
=−θT < 0, (14)

with a∗
∞ = 0 for T 6∈ (TLB, TUB).

Theorem 1 reveals that even when remote hospitalization has lower marginal cost, it may not

be clinically appropriate for patients who live far from the hospital. This is due to a medical

constraint: the combination of a maximum allowable severity level (S̄) and the deterioration that

occurs during travel (θTT ≥ 0) imposes a stricter threshold on who can safely remain at home.

This effect becomes more pronounced for sicker patients: as initial severity increases, the lower

bound TLB rises, the upper bound TUB falls, while the slope of a∗
∞ with respect to T remains

unchanged. Given evidence that rural populations often present with greater severity (Lewis 2022),

this interaction between distance and severity may restrict access to remote care precisely for the

patients who need it most.
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Notably, these clinical constraints apply even when resources are assumed to be abundant.

The next section shows that incorporating capacity limits preserves this structure—and may even

amplify it. Under realistic parameters, limited capacity further reduces the feasibility of remote

care for patients with high severity or long travel distances, reinforcing the need to account for

both operational and clinical considerations in hybrid hospital design.

Appendix E analyzes the impact of recovery variability on the optimal call-in policy and shows

that higher variability consistently leads to more permissive call-in thresholds and expands the

range in which remote hospitalization is effective.

4.3. Identifying the Optimal Call-In Structure with Limited Resources

We now return to the capacitated problem in (6), with two objectives: determining the call-in

policy under finite resources and allocating resources between on-site and remote hospitalization.

To begin, Theorem 2 characterizes the solution of the capacitated problem (6).

Theorem 2. Assume that WS(amin)≤C for amin ∈A as defined in (8) (i.e., the feasibility region

is not empty). Then, problem (6) has a unique solution a∗
C ∈A, such that:

• If WS(amin) =C, then a∗
C = amin.

• If WS(amin)<C, then:

— If WS(a
∗
∞)≤C, then a∗

C = a∗
∞,

— If WS(a
∗
∞)> C, then amin 6= a∗

∞ and a∗
C is the unique value of a ∈ A strictly between amin

and a∗
∞ such that WS(a) =C.

Note that depending on the parameters, both amin > a∗
∞ and amin < a∗

∞ are possible. In either

case, when WS(a
∗
∞)>C, and WS(amin)<C, the call-in threshold a∗

C is strictly between them and

satisfies (uniquely) WS(a
∗
C) =C.

To interpret this structure and make its solution explicit, let us now establish an equivalence

between the capacitated and uncapacitated solutions. To emphasize the dependence of the cost-

of-care function V on holding costs, we denote it as V (hR, hH , a). Recall the uncapacitated mini-

mization problem,

min
a∈A

V (hR, hH , a), (15)

which per Proposition 3, has a unique solution a∗
∞ ∈A. Recall also the capacitated minimization

problem,

min
a∈A

V (hR, hH , a)

s.t. WT (a)≤C,
(16)
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which per Theorem 2, assuming that WS(amin)≤C, has a unique solution a∗
C ∈A. Define

Γ=

{

−
V ′(hR,hH ,a∗C)

W ′
S
(a∗

C
)

, if WS(amin)<C and WS(a
∗
∞)>C

0, otherwise.
(17)

Note that Γ ≥ 0, since in the case where WS(amin) < C and WS(a
∗
∞) > C, V ′(hR, hH , a

∗
C) and

W ′
S(a

∗
C) must be non-zero and with opposite signs (see the proofs of Proposition 1 and Lemma 4).

Now, consider a similar uncapacitated optimization problem with Γ-modified costs:

min
a∈A

V (hR +Γ, hH +Γ, a). (18)

Proposition 4 establishes the equivalence between the solutions of (16) and (18). This equivalence

implies that all properties of the uncapacitated problem apply to the capacitated problem. Notably,

the solution structure, characterized by (modified) α,β, and γ as outlined in Proposition 3, and

the influence of patient travel distance on the optimal call-in policy, as indicated in Theorem 1,

remain consistent.

Proposition 4. Assume that WS(amin) < C (i.e. the feasibility region of (16) contains more

than one point). Then, the problem (18) has a unique solution in A which equals a∗
C.

Figure 5 Shifted call-in policy for different Γ and T . The parameters are θT = 0.1, hR = 5.1, hT = 2, x= 8, S̄ = 15,

λ= σR = 1. In the left plot, θH = 0.05, θR = 0.06, hH = 1; on right, θH = 0.1, θR = 0.05, hH = 7.
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The parameter Γ captures the effect of resource scarcity and provides immediate managerial

insight. Under finite capacity, both remote and on-site costs increase simultaneously by Γ, shifting

the call-in threshold depending on the underlying cost and recovery rates. Specifically, the adjusted

cost difference is:

γ(Γ) =
−(hR +Γ)

θR
+

hH +Γ

θH
= γ+Γ

(

1

θH
−

1

θR

)

. (19)
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Since Γ ≥ 0, γ(Γ) may increase or decrease depending on the relation between θH and θR. Per

Proposition 3, the sign of γ(Γ) determines the optimal call-in threshold and whether remote hos-

pitalization is preferred.

For example, if γ > 0 but γ(Γ)< 0, patients who would stay remotely hospitalized under abundant

resources may be called in earlier or admitted directly on-site under limited resources. Similarly,

when θH > θR and γ < 0, the range of distances where remote care is viable shrinks further as Γ

grows, particularly for patients with worse initial health (x).

The right plot in Figure 5 illustrates this case: as Γ increases, the optimal call-in threshold

declines, and the distance range for remote hospitalization contracts. Conversely, the left plot

shows the opposite behavior when θH < θR, where γ(Γ) > γ. For instance, at T = 25, patients

are called in immediately when Γ = 1, but remain under remote care for higher Γ. In both cases,

Proposition 4 shows that the capacitated solution mirrors the uncapacitated problem with Γ-

adjusted costs (hR +Γ and hH +Γ).

Figures 6 and 7 illustrate the optimal capacitated solution for varying resource levels and travel

times. Figure 6 corresponds to Case 3 in Proposition 1. In the top plots (T = 2), θH/θR = 2.5>

∆+1= 2.14. With ample resources (C ≥ 4), a∗
∞ ≈ 4. As resources become scarce, WS(a)—strictly

increasing in this case—forces a∗
C to decrease until C ≈ 2.5, marking the feasibility boundary.

Note that this case arises when the on-site recovery rate is significantly higher than in remote

hospitalization. In such settings, admitting patients on-site at an earlier stage of deterioration

allows the system to conserve total resources.

The bottom plots (T = 8) show a smaller feasibility region, ending at C ≈ 3.3, reflecting the need

for more resources as distance grows.

The right plots present resource allocation between WH and WR. Under scarcity, most resources

(e.g., 80% at T = 2) are allocated to on-site care; as capacity increases, more resources shift to

remote care, reaching 82% allocation when resources are abundant.

Figure 7 corresponds to Case 1 in Proposition 1, where θH/θR = 0.83< 1. Here, WS(a) is strictly

decreasing. With ample resources, a∗
∞ ≈ 2; as capacity tightens, a∗

C increases. In contrast to Figure 6,

increasing resources here shifts allocation away from remote care and toward on-site hospitalization.

Remark 4. [Call-in optimization with dedicated resources] In some settings, the resources

allocated to on-site and remote hospitalization are dedicated, meaning they cannot be shared

across modes. This introduces two separate resource constraints—one for each hospitalization

mode—which leads to the following optimization problem. We solve this problem in Appendix C.

min
a∈A

V (a) = λ (α+βpx(a)+ γpx(a)a)

s.t. WH(a)≤CH ,

WR(a)≤CR.

(20)
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Figure 6 Optimal capacitated solution. The parameters are θH = 0.5, θR = 0.2, θT = 0.1, hH = 2.65, hR = 1.4,

hT = 2, x= 1, S̄ = 15, λ= 1, σR = 1.
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Figure 7 Optimal capacitated solution. The parameters are θH = 0.05, θR = 0.06, θT = 0.1, hH = 2.65, hR = 5.1,

hT = 2, x= 1, S̄ = 10, λ= 1, σR = 1.
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In this case, similar results to the pooled-resources case hold; however, due to the separate

capacity constraints that shape the feasibility region, at most one hospitalization mode (on-site or

remote) is penalized.

5. Generalization to Multiple Patient Types

With the preceding results, we return to the full static planning problem for multiple patient types

defined in (5). As in the single-type case, the solution (if it exists) minimizes V (~a) while balancing

the total on-site and remote workloads W k
H and W k

R across all types k = 1, . . . ,K, ensuring their

sum does not exceed C. The dependence of W k
H and W k

R on ak, established in Section 4, determines

the feasible thresholds satisfying the resource constraint. Existence of a solution depends on the

problem parameters, particularly ~λ and C: if arrival rates are large and capacity small, no feasible

solution may exist for any ~a∈ ~A.

5.1. Characterizing the Feasibility Region in Multiple Patient Dimensions

Based on the given problem parameters, we characterize the feasibility region, meaning the (~λ,C)

for which there exists an ~a∈ ~A satisfying the constraint in the optimization problem (5). Formally,

this is defined as:

CK
FR =

{

(~λ,C)∈R
K+1
+ : ∃~a∈ ~A s.t.

K
∑

k=1

W k
S (a

k)≤C

}

.

We can now make a series of observations for the multi-type workload that essentially mirror what

we saw for the single-type feasibility region in Section 4.1. Let ak
min, k= 1, . . . ,K, denote the value

of ak ∈Ak for which the total workload is minimal, i.e.,

ak
min = argmin

ak∈Ak

W k
S (a

k).

Note that Proposition 1 guarantees that ak
min is unique. However, relative to the a

k
0 in Proposition 1,

each ak
min is restricted to the range Ak = [0, Āk], whereas ak

0 ∈ R+. By definition, there exists

~a ∈ ~A such that
∑K

k=1W
k
S (a

k) ≤ C if and only if
∑K

k=1W
k
S (a

k
min) ≤ C. Since W k

S (a
k
min)/λ

k does

not depend on λk, and ak
min minimizes it as well, we are essentially looking for (~λ,C) such that

∑K

k=1 λ
k (W k

S (a
k
min)/λ

k)≤C.

Using this sequence of observations and Proposition 1, we obtain the following characterization

of the multi-type feasibility region. Like we first saw in Proposition 2, the structure of the minimal

workload for each type will depend on the comparison of the type-specific recovery rates, θkH and

θkR, and the type-specific distance-dependent threshold, ∆k = ρkθkTT
k/(ρkxk − 1+ exp(−ρkxk)), as

generalized from (7).
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Proposition 5. The feasibility region of the optimization problem (5) is given by:

CK
FR =

{

(~λ,C)∈R
K+1
+ :

K
∑

k=1

W k
S (a

k
min)≤C

}

,

where for each k= 1, . . . ,K:

1. Case 1: If θkH/θ
k
R ≤ 1, then ak

min = Āk.

2. Case 2: If 1< θkH/θ
k
R < 1+∆k, then ak

min =min{ak
0 , Ā

k}> 0, where ak
0 is the unique minimum

of W k
S (a

k) for ak ∈R+ (which does not depend on λk), as in Proposition 1.

3. Case 3: If θkH/θ
k
R ≥ 1+∆k, then ak

min = 0.

Much like Proposition 2, Proposition 5 reduces the multi-type feasibility region to the workload-

minimizing call-in thresholds, characterized by the relationships between θkH , θ
k
R, and ∆k. This sets

the stage for analyzing the optimal call-in thresholds in the general multi-type, resource-limited

setting.

5.2. Scaffolding to the Optimal Multi-Type Solution

Throughout this section, we consider cases where the feasibility region is non-empty and infinite.

Due to the non-convexity of both the objective and constraint in (5), finding a global optimum is

challenging. Nevertheless, the problem’s structure allows us to derive key insights, beginning with

the existence of a global optimal solution.

Lemma 1. If the feasibility region is not empty, then there exists a feasible vector ~a∗
C which is

the solution to the optimization problem (5).

Next, we differentiate between two cases: when the vector of optimal call-in thresholds with

unlimited resources is within the feasibility region and when it is not. For the first case, we have

the following result.

Lemma 2. If ~a∗
∞ ∈ CK

FR, then ~a∗
∞ is the unique solution of the optimization problem.

Lemma 2 states the intuitive and desirable fact that if we can select the optimal solution for each

patient type while still satisfying the resource constraint, then this would be the optimal outcome.

However, if this threshold choice is not feasible, we must adjust the thresholds for some or all types,

reducing their total workloads until the capacity constraint is met. Much like how Theorem 2 and

Proposition 4 identified the structure of the optimal call-in threshold for the single-type setting,

Theorem 3 characterizes the solution for the second case, in which the abundant resource solution

is not attainable.

Theorem 3. Suppose ~a∗
∞ /∈ CK

FR and let ~a∗
C be a solution to the optimization problem (5). Then:
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1. Each threshold in ~a∗
C must lie between (and can be equal to) ak

min and a∗
∞,k of the corresponding

type.

2. The resource constraint at ~a∗
C is active, i.e., the sum of the total workloads at ~a∗

C is exactly C.

3. Denote by E the set of all indices for which [~a∗
C ]k /∈ {ak

min, a
∗
∞,k}. Then:

• There exist a unique Γ> 0 such that Γ=−V ′
k([~a

∗
C ]k)/W

k
T

′
([~a∗

C ]k), for all k ∈E.

• Specifically, ~a∗
C restricted to the entries in E is the unique solution to the uncon-

strained optimization problem: min~a∈ ~AE

∑

k∈E Vk (hR +Γ, hH +Γ, ak), where ~AE is the bound-

ary restricted to the entries in E.

Theorem 3 shows that for patient types whose optimal thresholds do not lie at the boundaries

ak
min or a∗

∞,k, the solution mirrors the unconstrained case but with costs shifted by a common Γ.

As in the single-type setting, Γ captures resource scarcity by uniformly increasing both remote and

on-site costs, shifting call-in thresholds up or down depending on each type’s cost and recovery

rates. The next section presents numerical examples illustrating this effect.

5.3. Numerical Examples for the Multi-Type Problem

We now present two examples illustrating the optimal multi-type solution—both call-in thresholds

and resource allocation—for two patient types. In the first example (top plots of Figure 8), the

types differ, among other factors, in distance: Type 1 is farther from the hospital, Type 2 is closer.

As expected from the single-type analysis in Section 4.2, when resources are ample, Type 1 has

a lower call-in threshold than Type 2. However, as resources tighten, the optimal mix cannot be

maintained for both types. Since both types fall into Case 3 of Proposition 1 (whereWS(a) is strictly

increasing), thresholds decrease. Notably, when C ≈ 8.8, the thresholds cross: the distant patient

(Type 1) stays longer in remote care, while the closer patient is called in earlier. As thresholds

drop, on-site workload grows while remote workload declines.

In the second example (bottom plots of Figure 8), we consider two additional patient types.

As resources become scarce, Type 1’s threshold decreases (patients are called in earlier), while

Type 2’s threshold increases (patients stay longer at home). This occurs because the types fall into

different cases of Proposition 1: Type 1 belongs to Case 1 (WS(a) strictly decreasing), while Type 2

belongs to Case 3 (WS(a) strictly increasing). Thus, resource scarcity affects each type differently,

with call-in thresholds adjusting up or down depending on their structural case. As a result, total

workload allocation between on-site and remote care may also be non-monotonic, as allocations

for each type shift in opposite directions.

6. Discussion and Conclusion

The hybrid hospital model constitutes a service network design problem, where the decision to

admit a patient remotely or on-site governs resource allocation across hospitalization modes. We
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Figure 8 Optimal capacitated solution with two patient types. In the top plots: (θ1H , θ2H) = (0.35,0.5), (θ1R, θ
2
R) =

(0.25,0.2), (θ1T , θ
2
T ) = (0.1,0.1), (h1

H , h2
H) = (2.65,3), (h1

R, h
2
R) = (1.4,1.4), (h1

T , h
2
T ) = (2,2), (x1, x2) =

(1,1), (S̄1, S̄2) = (12,15), (λ1, λ2) = (1,1), (σ1
R, σ

2
R) = (1,1), (T 1, T 2) = (8,5). In the bottom plots:

(θ1H , θ2H) = (0.5,0.05), (θ1R, θ
2
R) = (0.2,0.06), (θ1T , θ

2
T ) = (0.1,0.1), (h1

H , h2
H) = (2.65,2.65), (h1

R, h
2
R) =

(1.4,5.1), (h1
T , h

2
T ) = (2,2), (x1, x2) = (1,1), (S̄1, S̄2) = (15,15), (λ1, λ2) = (1,1), (σ1

R, σ
2
R) = (1,1),

(T 1, T 2) = (2,2).
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adopt a stochastic modeling framework that captures the dynamic progression of individual health

conditions during care and travel. Optimal system design centers on determining the call-in thresh-

old that minimizes total operational costs, shaping resource allocation across settings and patient

types.

Managerially, our results both guide resource allocation and caution that remote hospitalization

may not serve distant patients as effectively as intended. The main results (Theorems 1, 2, 3)

share a common analytical structure that enables simple managerial “spot checks” based on the

difference in marginal costs, γ, and recovery rates. With unlimited resources, γ determines the

shape of the optimal call-in threshold. Under capacity constraints, the optimal threshold adjusts as
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if hH and hR are both shifted by Γ≥ 0. When θR < θH , (19) implies that resource scarcity further

narrows the range of patients and distances for which home hospitalization remains viable. This

effect extends directly to the multi-type setting, where limited resources lead to similar shrinking

in the feasible hybrid care region.

Beyond healthcare, similar structural insights may apply to other public services. For example,

online education in rural areas faces analogous trade-offs, further complicated by disparities in

internet access (Lai and Widmar 2021). As with remote hospitalization, recent evidence on learning

losses during the COVID-19 pandemic highlights potential risks of over-reliance on remote formats

(Halloran et al. 2021, Goldhaber et al. 2022).

Modeling-wise, our framework links the stochastic progression of patient health directly to hybrid

hospital design. Rather than treating service times as generic random variables, we model recovery

explicitly as drifted Brownian motion, enabling analysis of how variability in recovery interacts

with patient travel. This distinguishes our approach from most queueing and healthcare operations

models, where randomness typically enters only via service durations.

One possible limitation is the assumption that all patients eventually recover, as the negative

drift ensures finite hitting times to full recovery. While conservative, this assumption highlights

the fragility of hybrid hospital design: even when failure only results in added cost, remote hos-

pitalization remains viable only for limited patient distances and severities, even under optimal

operations.

This modeling framework also opens several avenues for future research. One direction is to

develop dynamic policies that allow patient swapping when capacity constraints prevent call-ins.

Another is to extend the model to hybrid protocols that start hospitalization on-site and transition

patients to remote care as their condition improves.
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Appendix A: Justification of Total Long-Run Average Cost

Let A(t) be a renewal process of incoming patients of a single type. The patients’ health scores evolve

according to the description in Section 3.1. We assume that patients are independent, and thus their health

scores evolve according to independent copies of BR,Z,BH , indexed by k. Specifically, let

BR(k, t) = x+σRB
R(k, t)− θRt,

τR(k,x, a) = inf{t≥ 0 :BR(k, t) = 0 or BR(k, t) = a+x},

BH(k, t) = x+ a+Z(k,x, a,T )+σHB
H(k, t)− θHt,

τH(k,x, a,Z(k,x, a,T )) = inf{t≥ 0 :BH(k, t) = 0}.

For simplicity, we write τR(k) = τR(k,x, a) and τH(k,Z(k)) = τH(k,x, a,Z(k,x, a,T )). Thus, the cost of the

k-th patient is given by:

Vk(a) = hRτR(k)+ 1{BR(k,τR(k))=a+x}

(

hTT +hHτH(k,Z(k))
)

,

where {Vk(a)} are i.i.d. with

E[Vk(a)] =E[V (a)] = hRE [τR(x,a)] +
(

hTT +hHpx(a)E [τH(x,a,Z)]
)

.

The average cost at time t is then defined as:

V (a, t) :=
1

t

A(t)
∑

k=1

Vk(a).

By the Renewal-Reward Theorem (e.g., Equation (31) on page 82 in Stirzaker 2005), the long run average

cost is given by:

V (a) = lim
t→∞

V (a, t) = λE[V (a)] = λ (hRE [τR(x,a)] + (hTT +hHpx(a)E [τH(x,a,Z)])) ,

justifying Equation (3) as the system’s total long-run average cost.

Appendix B: The Total Workload as a Weighted Sum

Consider the case where the total workload is defined as the following weighted sum:

WS(a) := dWH(a)+ (1− d)WR(a), for some d∈ (0,1).

We now discuss how this modification affects the results in the paper. In summary, the analysis remains

unchanged, but the parameter d alters the feasibility region and adjusts the relative weight that on-site

and remote care receive when interpreting their cost increases as equivalent to the presence of resource

constraints.

For a single patient type, this modification does not alter the individual workloads WH(a) and WR(a).

Consequently, their properties, established in Lemma 3, remain valid. Recalling that

WH(a) =
λpx(a)

θH
(x+ a+TθT ) ,

WR(a) =
λ

θR
((1− px(a))x− px(a)a) ,
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the new weights can be effectively absorbed into the constants 1/θH and 1/θR, respectively. Therefore,

Proposition 1, which characterizes WS(a) as a function of a, remains unchanged—except that the cases

are now determined by the ratio θH
θR

· 1−d
d

instead of simply θH
θR

. The same holds for the feasibility region

characterized in Proposition 2.

The cost function V is not affected by the incorporation of the parameter d, which plays a role only in the

constraint of the optimization problem, not in the cost function itself. Hence, Proposition 3 and Theorem 1,

both of which pertain to the unconstrained optimization problem, remain valid.

Theorem 2, which concerns the existence, uniqueness, and general properties of the solution to the con-

strained optimization problem, also remains valid. Its conclusions rely on the structure of V (which is

unchanged) and the behavior of WS(a) as a function of a (which also remains unchanged).

The equivalence to an unconstrained optimization problem established in Proposition 4 still holds, now

expressed as

min
a∈A

V
(

hR +(1− d)Γ, hH + dΓ, a
)

.

That is, the “price” of limited resources is no longer split evenly between the two modes of care but is

distributed according to the weights in a straightforward and intuitive manner.

Finally, all these results extend to the multi–patient type setting as before.

Appendix C: Optimal Call-In Structure with Dedicated Resources

Recall that WH(a) is decreasing in a and WR(a) is increasing in a. Let

aH := inf
a≥0

{a :WH(a)≤CH} and aR := sup
a≥0

{a :WR(a)≤CR} ,

where we define aH =∞ and aR =−∞ in the case of empty sets, which corresponds to cases where at least

one of the workloads always exceeds the available capacity. A typical case is illustrated in Figure 9.

Figure 9 Illustration of feasibility region in the case of dedicated resources.

0
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CFR =
{

(λ,CH ,CR)∈R
3
+ : ∃a∈A :WH(a)≤CH ,WR(a)≤CR

}

=

{

∅, if aH >min{aR, Ā}
{

(λ,CH ,CR)∈R
3
+ : aH ≤ a≤ aR ∧ Ā

}

, otherwise.

Theorem 4 characterizes the solution of the capacitated problem (20).

Theorem 4. Assume that CFR 6= ∅. Then, problem (20) has a unique solution a∗
C ∈A, such that:

• If a∗
∞ ∈ CFR, then a∗

C = a∗
∞.

• If a∗
∞ <aH , then a∗

C = aH .

• If a∗
∞ >aR, then a∗

C = aR ∧ Ā.

Similar to the pooled resource case, we now interpret the structure of the dedicated-capacity problem

and make its solution explicit by establishing an equivalence between the capacitated and uncapacitated

problems. To emphasize the dependence of the cost-of-care function V on the holding costs, we write it as

V (hR, hH , a).

Recall the uncapacitated minimization problem:

min
a∈A

V (hR, hH , a), (21)

which, by Proposition 3, admits a unique solution a∗
∞ ∈A.

Next, consider the capacitated problem:

min
a∈A

V (hR, hH , a)

s.t. WH(a)≤CH ,

WR(a)≤CR,

(22)

which, under the assumption CFR 6= ∅, has a unique solution a∗
C ∈A by Theorem 4.

To bridge these two formulations, define:

ΓH =







−
V ′(hR, hH , a

∗
C)

W ′
H(a

∗
C)

, if WH(a
∗
∞)>CH ,

0, otherwise,
(23)

and

ΓR =







−
V ′(hR, hH , a

∗
C)

W ′
R(a

∗
C)

, if WR(a
∗
∞)>CR,

0, otherwise.
(24)

First, note that at most one of ΓH or ΓR are non-zero due to the structure of WH and WR. Second, if one

of them is non-zero, it must be positive because W ′
H > 0, W ′

R < 0, and V ′ has the opposite sign at a∗
C .

Now, consider the following modified uncapacitated problem, with adjusted holding costs:

min
a∈A

V (hR +ΓR, hH +ΓH , a). (25)

The next proposition establishes the equivalence between the capacitated problem (22) and the modified

uncapacitated problem (25). This implies that the structural properties of the uncapacitated problem extend

to the capacitated case. In particular, the policy structure characterized by the parameters α,β, γ (as in

Proposition 3), and the role of travel distance in shaping the optimal call-in threshold (as in Theorem 1),

remain valid.
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Proposition 6. Assume that the feasibility region of (22) contains more than one point. Then, the mod-

ified problem (25) admits a unique solution in A, which coincides with the unique solution a∗
C of the original

capacitated problem (22).

Appendix D: Data Requirements and Parameter Estimation

We model the evolution of patients’ health scores as negative-drift Brownian motions. However, instead of

estimating the drift and variance directly, we can utilize station-level LOS data, which hospitals typically

collect consistently and systematically. Specifically, we need data on the duration of remote and on-site

hospitalizations for patients.

Under our model, the LOS follows an inverse Gaussian distribution – a distribution that has been

widely used to model LOS in healthcare models for many years (see Whitmore 1975 and the more recent

Hashimoto et al. 2023). Thus, the required data includes patients’ LOS at each hospitalization stage. From

this data, we can estimate the parameters of the distribution, which correspond to the expectancy and

variance of τR and τH . This estimation can be accomplished using simple maximum-likelihood estimation.

We then estimate the health scores at call-in/discharge and subsequently build estimates for θH and θR.

For patients who were called in, the necessary data includes their health scores before and after traveling,

allowing us to estimate θT and px(a).

Appendix E: The Effect of Recovery Variability on the Optimal Call-In Policy

For a fixed call-in threshold a, the call-in probability px(a) increases with the variance of the drifted BM

recovery process, σ, since greater variability raises the chance of crossing the threshold. We now examine

how this variability affects the optimal call-in policy.

The left panel of Figure 10 depicts the optimal call-in threshold a as a function of transfer time T for

three values of σ. As shown, for a given T , the optimal threshold a increases with σ. Intuitively, while higher

variability raises the risk of deterioration, it also increases the chance of spontaneous improvement, allowing

the system to tolerate slightly worse patient conditions before calling them into the hospital. Furthermore,

as σ increases, the feasible range of transfer times for which home hospitalization remains effective modestly

expands.

The right panel presents the corresponding hitting probabilities px(a), evaluated at the respective optimal

thresholds. As expected, the call-in probabilities remain high, ensuring timely hospital transfers despite the

more permissive thresholds.

These results highlight that moderate increases in recovery variability may support somewhat broader

applicability of remote hospitalization, both in terms of patient condition and acceptable transfer distances.

Appendix F: Proofs

Proof of Lemma 3. Recall that px(a) is the hitting probability given by

px(a) := P
(

BR(τR(x,a)) = a+x
)

=
1− e−ρx

eρa − e−ρx
,

and therefore, its first derivative with respect to a is

p′
x(a) =−

ρeρa

eρa − e−ρx
px(a)< 0.
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Figure 10 Impact of recovery variance on the optimal call-in policy: (left) optimal call-in threshold a as a function

of transfer time T for different values of σ; (right) corresponding hitting probabilities px(a) at the

optimal thresholds. The parameters are as in Figure 4.
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Our goal is to prove that W ′
H(a)< 0 and W ′

R(a)> 0. We begin with WH . Recall that:

WH(a) =
λpx(a)

θH
(a+x+TθT ) .

Therefore and since p′
x(a) 6= 0,

W ′
H(a) =

λ

θH
(p′

x(a)(a+x+ θTT )+ px(a)) =
λ

θH
p′
x(a)

(

a+x+ θTT +
px(a)

p′
x(a)

)

. (26)

Now,

px(a)

p′
x(a)

=−
eρa − e−ρx

ρeρa
=−

1

ρ
(1− e−ρ(a+x))>−(a+x), (27)

where the inequality is because 1− e−x <x for x> 0. Therefore,

a+x+ θTT +
px(a)

p′
x(a)

> θTT ⇒ a+x+
px(a)

p′
x(a)

> 0. (28)

Multiplying both sides by λ
θH

p′
x(a), the result follows since p′

x(a)< 0. We turn to WR(a). We have:

WR(a) =
λ

θR
((1− px(a))x− px(a)a) =

λ

θR
x−

λ

θR
px(a)(a+x),

and therefore (and again, because p′
x(a) 6= 0),

W ′
R(a) =−

λ

θR
(p′

x(a)(a+x)+ px(a)) =−
λ

θR
p′
x(a)

(

a+x+
px(a)

p′
x(a)

)

> 0, (29)

where the inequality is from (28) and since p′
x(a)< 0. Q.E.D.

Proof of Proposition 1. We begin by separately characterizing the respective dependence of the

on-site and remote hospitalization workloads on a.

Lemma 3. WH(a) is a strictly decreasing function of a; WR(a) is a strictly increasing function of a.
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The intuition behind Lemma 3 is that as a increases, patients spend more time at home by design,

increasing WR(a) and reducing WH(a). We next analyze WS(a).

Recall that WS(a) =WH(a) +WR(a) and that we wish to characterize the dependence of WS on a. For

ease of notation, denote r= θH/θR. We have:

W ′
S(a) =W ′

H(a)+W ′
R(a)

(26),(29)
=

λ

θH
p′
x(a)

(

a+x+ θTT +
px(a)

p′
x(a)

)

−
λ

θR
p′
x(a)

(

a+x+
px(a)

p′
x(a)

)

(7)
=

λp′
x(a)

θH

(

(1− r)

(

a+x+
px(a)

p′
x(a)

)

+ θTT

)

(27)
=

λ|p′
x(a)|

ρθH

(

(1− r)(1− ρ(a+x)− e−ρ(a+x))− θTTρ
)

,

where the absolute value is used because p′
x(a)< 0.

We start with Case 1, where θH/θR ≤ 1 ⇐⇒ 1− r ≥ 0. Using the inequality 1− e−x ≤ x, we get that

1− ρ(a+x)− e−ρ(a+x) ≤ 0. Thus, if 1− r≥ 0, then W ′
T (a)< 0.

We turn to Case 3. Note that when r > 1, 1− r=−|1− r|. In this case,

W ′
S(a)

if r>1
=

λ|p′
x(a)||1− r|

ρ

(

−1+ ρ(a+x)+ e−ρ(a+x) −
θTTρ

|1− r|

)

.

Denoting h(a) :=−1+ ρ(a+x)+ e−ρ(a+x), we have:

h(0) = ρx− 1+ e−ρx>0 because e−x > 1−x for x> 0,

h′(a) = ρ− ρe−ρ(a+x) = ρ(1− e−ρ(a+x))> 0,

h(a)
a→∞
−−−→∞. (30)

Thus, W ′
S(a) can be negative, if and only if its value at a= 0 is negative. Clearly, this does not happen if

h(0)≥ θT Tρ

|1−r|
, or, written differently, if

|1− r| ≥ θTTρ (ρx− 1+ e−ρx)
−1 if r>1

⇐⇒ r≥ 1+∆,

where ∆ is defined in (7).

Lastly, we turn to Case 2 where 1 < r < 1 +∆. This implies that h(0) < θT Tρ

|1−r|
. In this case, by (30), it

is clear that W ′
S(0) < 0, and that there exists a0 > 0 such that W ′

S(a) < 0 for a ∈ [0, a0), W
′
S(a0) = 0, and

W ′
S(a)> 0 for a∈ (a0,∞). This concludes the proof. Q.E.D.

Proof of Proposition 2. Per section 4.1, the feasibility region of optimization problem (6) is

CFR = {(λ,C)∈R
2
+ :WS(amin)≤C}.

All that is left is to characterize amin. By Proposition 1, if θH/θR ≤ 1, then WS(a) is strictly decreasing in

a. Thus, in this case, amin = 0 which proves the first item. Again by Proposition 1, if θH/θR ≥ 1+∆, then

WS(a) is strictly increasing in a. Thus, in this case, amin = S̄−x−TθT , which proves the second item.

Finally, in the case where 1< θH/θR < 1 +∆, by Proposition 1, there exists a0 > 0 such that W ′
S(a)< 0

for a ∈ [0, a0), W
′
S(a0) = 0, and W ′

S(a)> 0 for a ∈ (a0,∞). If a0 < S̄ − x− TθT , then amin = a0. Otherwise,

S̄ − x− TθT ∈ (0, a0], and since WS(a) is strictly decreasing in this interval, we have amin = S̄ − x− TθT

which completes the proof of the third item and the proposition. Q.E.D.
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Proof of Proposition 3. We first provide technical characterizations of the objective function V (a).

Lemma 4. The value function V (a) satisfies the following:

If γ ≥ 0, then V (a) is strictly decreasing in a∈R+; else (γ < 0),

• If β ≥ 0, or γ(1− e−ρx)/ρ < β < 0, then V (a) is unimodal with a unique minimum over a∈R+.

• If β ≤ γ(1− e−ρx)/ρ, then V (a) is strictly increasing in a∈R+.

From Lemma 4, γ ≥ 0 yields that V (a) is strictly decreasing, and thus the largest allowable threshold

is optimal: a∗ = Ā. Then, if γ < 0 and β ≥ γ(1− e−ρx)/ρ, then Lemma 4 provides that there is a unique

optimal solution. Moreover, because the definition of ã in Equation (9) is precisely the first order condition

in Equation (33) within the proof of Lemma 4, we can see that ã is the unique maximizer of V (a). If ã is

within the maximum allowable threshold size, then it is optimal for the unlimited capacity problem, but if

ã > Ā, then we can see that V ′(a) > 0 for all a ∈ [0, Ā], meaning Ā is optimal. Hence, a∗ = (ã ∧ Ā) is the

optimal threshold. Finally, for the remaining case and again by Lemma 4, if β ≤ γ(1− e−ρx)/ρ, then V (a) is

always increasing, and thus the optimal threshold is as low as possible, directing all patients immediately to

on-site hospitalization: a∗ = 0.

To complete the proof, let us verify that ã given by the solution in Equation (10) is indeed positive and

obtained by the principal branch of the Lambert-W function. Note that the existence of a unique, positive

solution to first order condition in Equation (33) is already guaranteed for γ < 0 and β > γ(1 − e−ρx)/ρ

through the preceding linear-and-exponential-function arguments; the focus now is simply on proving the

correctness of Equation (10). Rearranging (33) and multiplying both sides by eβρ/γ−1, we have that ã will

be the a that solves

−e−ρx+βρ/γ−1 = (ρa+βρ/γ− 1) eρa+βρ/γ−1.

Before further manipulating this equation, let us inspect the terms in the exponent on the left-hand side.

If β ≥ 0, it is clear that −ρx+ βρ/γ − 1 < 0, so let us focus on γ(1− e−ρx)/ρ < β < 0. Dividing by γ/ρ <

0, we have that 0 < βρ/γ < 1 − e−ρx, and, furthermore, by adding −1 − ρx to each side, we have that

−ρx+βρ/γ− 1<−ρx− e−ρx < 0. Hence, for all β > γ(1− e−ρx)/ρ, −e−ρx+βρ/γ−1 ∈ (−1/e,0).

For the identity W(zez) = z to hold on the principal branch of the Lambert-W, we must have z ≥ −1.

Hence, as a final step, let us show that ρã+βρ/γ−1≥−1. If β ≤ 0, this is immediately true by the fact that

ρ > 0, ã > 0, and γ < 0, so let us focus on the β > 0 case. If ã >−β/γ, then we can apply the Lambert-W

principal branch identity, and Equation (10) will follow immediately. To see that this is indeed true, we

return to the linear-and-exponential-function arguments. Notice that, at a=−β/γ > 0, the left-hand side of

Equation (33) is eρβ/γ < 1, whereas the right-hand side simplifies to eρx > 1. Therefore, the linear function

has not yet crossed the exponential function, implying ã >−β/γ. Q.E.D.

Proof of Lemma 4. To begin, let us obtain a first order condition for V (a). The derivative of the cost

function with respect to a is

V ′(a) = βp′
x(a)+ γap′

x(a)+ γpx(a).
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Since p′
x(a)< 0, the cost derivative simplifies to

V ′(a) = p′
x(a)

(

β+ γa+ γ
px(a)

p′
x(a)

)

(27)
= p′

x(a)(β+ γa− γ
1

ρ
(1− e−ρ(a+x)))

=
|p′

x(a)|

ρ

(

γ(1− e−ρ(x+a))−βρ− γρa
)

. (31)

Since ρ > 0, and given that x> 0, |p′
x(a)| is strictly positive for all a≥ 0, the sign of dV/da= 0 matches the

sign of γ(1− e−ρ(x+a))−βρ− γρa. We can see that the a-derivative of this expression is
(

γ(1− e−ρ(x+a))− ρβ− γρa
)′
=−γρ

(

1− e−ρ(x+a)
)

, (32)

and thus we can recognize that whether or not V ′(a) will be 0 for some a ∈R+ purely depends on the sign

of γ and the initial sign of V ′(a) at a= 0. Note that this does not necessarily imply convexity or concavity:

V ′′(a) need not match γ in sign. Hence, V ′(a) may fluctuate between increases and decreases across values

of a∈R+, but it will cross 0 at most once on this range.

This leads us to consider when V ′(a) = 0. Rearranging γ(1− e−ρ(x+a))− ρβ − γρa, we find the following

first order condition: a is a candidate optimal threshold solution, if and only if

e−ρa = (1− ρβ/γ− ρa) eρx. (33)

Now, let us notice that, as functions of a, the left-hand side of Equation (33) is a decaying exponential

(exponential with negative rate −ρ < 0) and right-hand side is simply a linear function with slope −ρeρx <−ρ.

Hence, the right-hand side function will intersect the left-hand side function at most once on a ∈ R+. To

evaluate where this occurs, let us proceed case wise.

Beginning with γ > 0, we can see that, by definition, this implies that β > 0 also. Furthermore, the

definitions of β and γ also reveal that

β

γ
= x+

1

γ

(

hTT +
hHθTT

θH

)

>x,

and thus we have that
(

1−
ρβ

γ

)

eρx < (1− ρx)eρx ≤ 1.

Therefore, the left-hand side of Equation (33) at a= 0 is strictly greater than the right-hand side of (33) at

a= 0, implying that, respectively, this exponential function is always above the negative slope line, and thus

there is no solution to the first order condition in this setting. By applying these arguments to Equation (31)

and recalling that γ > 0 in this case, Equation (32) then shows that V ′(a)< 0 for all a ∈R+. For γ = 0, we

can quickly recognize from Equation (31) that, again, V ′(a)< 0 for all a.

Let us now suppose that γ < 0. Through Equation (32), we have that, once V ′(a) > 0, it will remain

positive for all increasing values of a. So, we now partition the γ < 0 case into sub-cases evaluating the initial

sign of V ′(a) at a= 0. Here, we see that, at a= 0, γ(1− e−ρ(x+a))−ρβ−γρa= γ(1− e−ρx)−ρβ. In sub-case

that β ≥ 0, or, equivalently, − (hTT +hHθTT/θH)/x≤ γ < 0, we find that

γ(1− e−ρx)− ρβ < 0,

and thus V (a) is decreasing at a= 0. This also implies that the right-hand side of Equation (33) starts above

the exponential in the left-hand side of (33), ensuring that there will be a unique solution to the first order

condition on R+. Similarly, if β < 0 but γ(1− e−ρx)< ρβ still holds, then the same arguments apply.

Finally, if β ≤ γ(1− e−ρx)/ρ with γ < 0, then V ′(a)≥ 0 at a= 0, and, by Equation (32), it will remain so

for all a∈R+. Q.E.D.
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Proof of Theorem 1. We begin by proving the first statement: a∗
∞ > 0 if and only if TLB <T < TUB

under the case that γ ≥ 0. If γ ≥ 0, then by Proposition 3, a∗
∞ = Ā= S̄ − x− TθT . Hence, it is immediately

true that a∗
∞ > 0 if and only if T < TUB. Since TLB ≤ 0 by consequence of γ ≥ 0, we complete the proof in

this setting.

If γ < 0, Proposition 3 provides that a∗
∞ = (ã ∧ Ā) if β > γ(1− e−ρx)/ρ, where ã > 0 is given by Equa-

tion (10). By the preceding arguments, notice that if and only if T ≥ TUB, then Ā= 0. Now, we can further

observe that among the streamlined model coefficients, α, β, γ, only β depends on T . Specifically, with the

additionally defined η, we have that β = γx+ ηT . Hence, the condition for ã > 0 can be re-expressed to

γx+ ηT > γ(1− e−ρx)/ρ,

and this immediately simplifies to T > TLB. Hence, we have that ã > 0 if and only if T > TLB and that Ā > 0

if and only if T < TUB, which proves that a∗
∞ > 0 if and only if T ∈ (TLB, TUB). In particular, a∗

∞ = (ã∧ Ā)> 0

on this interval. Moreover, let us observe that the argument of the Lambert-W function in the expression

for ã in (10) simplifies to

−e−ρx+ βρ
γ

−1 =−e−ρx+ ρ
γ
(ηT+γx)−1 =−e

ηρ
γ

T−1.

Likewise, Equation (10) itself simplifies to

x+ ã=
1

ρ

(

1+W

(

−e
ηρ
γ

T−1
))

−
η

γ
T. (34)

Considering each of the two components of (ã∧ Ā) individually, let us observe how they each depend on

T . Starting with ã, by Equation (34), we can see that

∂ã

∂T
=

1

ρ

∂

∂T
W

(

−eρηT/γ−1
)

−
η

γ
.

Using the fact that dW (z)/dz =W (z)/(z(1+W (z))) for z ∈ (−1/e,0), this simplifies to

∂ã

∂T
=−

η

γ

1−W
(

−eρηT/γ−1
)

1+W (−eρηT/γ−1)
.

Because γ < 0 and because the principal branch Lambert-W function is greater than −1 for all arguments

greater than −1/e, we have that ∂ã/∂T > 0 for all values of T . Turning to the second component within the

minimum, we can quickly observe from the definition of Ā that

∂Ā

∂T
=−θT .

Thus, the dependence of a∗
∞ on T is clear: starting from TLB, a

∗
∞ increases according to ã until ã intersects

Ā, and then decreases from this point until reaching TUB. Hence, we can find that this change point is given

by the unique T at which ã= Ā. Setting the two quantities equal to one another, we have

1

ρ

(

1+W
(

−e
ηρ
γ

T−1
))

−
η

γ
T −x= S̄−x−TθT ,

and this simplifies to the definition of T̂ in Equation (12). Q.E.D.
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Proof of Theorem 2. Recall the following notation and previously proven results

1. a∗
∞ := argmina∈A V (a)

2. amin := argmina∈AWS(a)

3. Both a∗
∞ and amin are unique.

4. Based on the analysis in the proof of Proposition 1, depending on the problem parameters, there are 3

possible ways WS(a) behaves as a function of a.

(a) WS(a) is strictly increasing, then amin = 0. Importantly and in particular, WS(a) is strictly increas-

ing to the right of amin.

(b) WS(a) is strictly decreasing, then amin = Ā. Importantly and in particular,WS(a) is strictly decreas-

ing to the left of amin. Meaning, as we decrease a, starting from amin, the value of WS(a) increases.

(c) WS(a) has a unique minimum in (0, Ā), it strictly decreases before it and strictly increases after.

5. The conclusion from the item above is that if we pick any â ∈ A which satisfies â 6= amin (but both

â > amin and â < amin are possible), then if we move from â to amin, the value of WS(a) strictly

decreases.

6. Based on the analysis in the proof of Proposition 3, depending on the problem parameters, there are 3

possible ways V (a) behaves as a function of a.

(a) V (a) is strictly increasing.

(b) V (a) is strictly decreasing

(c) V (a) decreases, then has a unique minimum in R+, then strictly increases.

7. From the last item, we can conclude that if we move from a∗
∞ to any other â ∈ A, V (a) strictly

increases. We can also deduce that V ′(a) can be zero at most once, and that if it does, then this point

is a minimum.

First, if WS(amin) =C, since amin is unique, amin is the only feasible value for a in A, and therefore it is

the unique solution, i.e., a∗
C = amin. Next, assume that WS(amin)< C. If WS(a

∗
∞)≤ C, then a∗

∞ is feasible

and uniquely minimizes V (a) in A. Thus it is the unique solution, i.e., a∗
C = a∗

∞.

We are left with the case where WS(amin)<C and WS(a
∗
∞)>C. In particular, we must have amin 6= a∗

∞.

By the properties listed above, when we start at a∗
∞ and go towards amin, WS(a) must strictly decrease and

V (a) must strictly increase. Since WS(a) is continuous, there must be a value for a, call it â, strictly between

a∗
∞ and amin for which WS(â) =C, which also means â is feasible. Additionally, any other value for a before

we reach â must have WS(a)>C and hence is not feasible. Any value of a after â must have a larger value

for V (a), which we are trying to minimize. We can conclude that there exists a unique solution a∗
C for the

optimization problem and it is given by the unique solution to the equation WS(a) =C. Q.E.D.

Proof of Proposition 4. Throughout this proof we assume that WS(amin)<C. First, if WS(a
∗
∞)≤C,

then Γ= 0, and problems (15) and (18) are identical and their solution is a∗
∞. Theorem 2 assures us that in

this case, the solution to (16) satisfies that a∗
C = a∗

∞, which proves the desired result.
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We turn to the case where WS(a
∗
∞)>C. In this case, Γ> 0 and Theorem 2 assures us that amin 6= a∗

∞ and

that a∗
C is the unique value of a ∈A strictly between amin and a∗

∞ such that WS(a) = C. In particular, a∗
C

must be an internal point in A and W ′
S(a

∗
C) 6= 0.

Next, we leverage a structural property inherent in V (a). Recall that

V (hR, hH , a) = hRWR(a)+λpx(a)hTT +hHWH(a),

and, therefore,

V (hR, hH , a)+ΓWS(a) = hRWR(a)+λpx(a)hTT +hHWH(a)+ΓWR(a)+ΓWH(a)

= (hR +Γ)WR(a)+λpx(a)hTT +(hH +Γ)WH(a) = V (hR +Γ, hH +Γ, a).

Namely,

V (hR +Γ, hH +Γ, a) = V (hR, hH , a)+ΓWS(a). (35)

Taking the derivative of the right-hand side with respect to a and using the definition of Γ, we obtain:

(V (hR, hH , a)+ΓWS(a))
′
= V ′(hR, hH , a)−

V ′(hR, hH , a
∗
C)

W ′
S(a

∗
C)

W ′
S(a).

Clearly, this derivative equals zero for a= a∗
C . By (35), this also means that the derivative of the left hand-

side is zero for a= a∗
C . However, from the analysis in the proof of Proposition 3, we know that V ′(hR, hH , a)

(for any hR, hH > 0) can be zero at most once in R+. Moreover, if V ′(hR, hH , ã) = 0 for ã∈ (0, Ā), then ã is a

unique global minimum of V (hR, hH , a) in A. Therefore, a∗
C is the unique solution to (16), which concludes

the proof. Q.E.D.

Proof of Proposition 5. This proof follows very similarly to that of Proposition 2. In the discussion

of section 5.1, we establish that the feasibility region of optimization problem (5) is

CK
FR =

{

(~λ,C)∈R
K+1
+ :

K
∑

k=1

W k
S (a

k
min)≤C

}

.

All that is left is to characterize ak
min for k = 1, . . . ,K. By Proposition 1, if θkH/θ

k
R ≤ 1, then W k

S (a
k) is

strictly decreasing in ak. Thus, in this case, ak
min = 0, which proves the first item. Next, by Proposition 1, if

θkH/θ
k
R ≥ 1+∆k, then W k

S (a
k) is strictly increasing in ak. Thus, in this case, ak

min = S̄k − xk − T kθkT , which

proves the second item.

Finally, in the case where 1< θkH/θ
k
R < 1+∆k, by Proposition 1, there exists ak

0 > 0 such that W k′

S (ak)< 0

for ak ∈ [0, ak
0), W

k′

S (ak
0) = 0, and W k′

S (ak) > 0 for ak ∈ (ak
0,∞). If ak

0 < S̄k − xk − T kθkT , then ak
min = ak

0.

Otherwise, S̄k − xk −T kθkT ∈ (0, ak
0], and since W k

S (a
k) is strictly decreasing in this interval, we have ak

min =

S̄k −xk −T kθkT which completes the proof of the third item and the proposition. Q.E.D.



44

Proof of Lemma 1. If the feasibility region contains exactly one vector, then this vector is optimal.

Otherwise, since the total workloads are continuous functions, the feasibility region contains an infinite

number of vectors. We begin by proving that in this case, the feasibility region is a compact set, by proving

it is bounded and closed. The set CK
FR is bounded because

‖~a−~b‖2 ≤ ‖~a‖2 + ‖~b‖2 ≤ 2Kmax
k

{

Āk
}

, ∀a, b∈ CK
FR.

Next, let ~c be a limit point of CK
FR. Assume by contradiction that ~c /∈ CK

FR. First, consider the case where

there exists an entry k such that [~c]k /∈ [0, Āk], meaning, it is outside of the hypercube [0, Ā1]× . . .× [0, ĀK ].

Clearly, there is a small enough neighbourhood of ~c with no points that belong to CK
FR, which contradicts

the fact that ~c is a limit point. Therefore, ~c must be in the hypercube.

We are left with the case where
∑K

k=1W
k
T (c

k) > C, meaning that there exists δ > 0 such that
∑K

k=1W
k
T (c

k) = C + δ. Since {W k
T } are continuous functions, so is

∑K

k=1W
k
T (c

k) as a function from R
K
+

to R+. Hence, there exists a small enough neighborhood of ~c such that for every point ~a in it we have
∑K

k=1W
k
T (a

k)>C+δ/2. Thus, no points in this neighborhood belong to CK
FR which, again, is a contradiction.

Hence, CK
FR is closed.

Since CK
FR is compact and the cost function is continuous, by the Extreme Value Theorem the infimum is

attained and there exists an optimal solution. Q.E.D.

Proof of Lemma 2. By Proposition 3, [~a∗
∞]k is the unique minimizer of Vk([~a]k). Since V (~a) =

∑K

k=1 Vk([~a]k), ~a
∗
∞ is the unique minimizer of V (a). Q.E.D.

Proof of Theorem 3. For each type, we know from Propositions 1 and 3 and their proofs that Vk and

W k
T each can exhibit one of the following behaviours in the allowable threshold interval: (1) strictly decreasing,

(2) strictly increasing or (3) strictly decreasing, attains a minimum and strictly increasing afterwards. We use

the symbols ց, ր, and ցր to refer to these cases respectively. Thus, there are nine possible combinations

of how Vk and W k
T behave for a specific type. For example, there is a possibility that Vk is strictly increasing

while W k
T is strictly decreasing. We will use the notation Vk ցW k

T ր for this case. We now prove that for

each combination, it is impossible or necessarily sub-optimal to choose the threshold not between ak
min and

a∗
∞,k.

1. Vk րW k
T ր: In this case ak

min = a∗
∞,k = 0. Any other choice of threshold would result in a higher cost

and a higher workload and therefore is sub-optimal.

2. Vk ր W k
T ց: In this case ak

min = Āk and a∗
∞,k = 0 and therefore any choice of threshold has to be

between the two.

3. Vk րW k
T ցր: In this case a∗

∞,k = 0 and ak
min is an interior point. A choice of a threshold to the right

of ak
min results in a higher cost and a higher workload than choosing, for example, ak

min, and therefore

is sub-optimal.

4. Vk ցW k
T ր: Similar to case 2.

5. Vk ցW k
T ց: Similar to case 1.
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6. Vk ցW k
T ցր: Similar to case 3.

7. Vk ցրW k
T ր: In this case ak

min = 0 and a∗
∞,k is an interior point. Choosing a threshold to the right of

a∗
∞,k results in a higher cost and a higher workload than choosing, for example, a∗

∞,k, and therefore is

sub-optimal.

8. Vk ցրW k
T ց: Similar to case 7.

9. Vk ցրW k
T ցր: In this case both a∗

∞,k and ak
min are interior points. If they are equal we are done. If

they are not, assume that a∗
∞,k <ak

min. Choosing a threshold to the right of ak
min results in a higher cost

and a higher workload than choosing, for example, ak
min, since both Vk and W k

S are strictly increasing

to the right of ak
min, making this a sub-optimal choice. The same holds for choosing a threshold to the

left of a∞,k. The case where a∗
∞,k >ak

min is similar.

This concludes the proof of the first item in Theorem 3. For the second item, assume by way of contradiction

that the capacity constraint at ~a∗
C is inactive, i.e.,

∑

k W
k
T ([~a

∗
C ]k)< C. Since we are under the assumption

that ~a∗
∞ /∈ CK

FR, by the first item in Theorem 3, there must be at least one type k̄ for which [~a∗
C ]k̄ is between

a∗
∞,k̄

and ak̄
min but not equal to a∗

∞,k̄
. In all of the nine combinations we considered for the behavior of Vk

and W k
T , and as we show in the proof of Theorem 2, when we move from ak̄

min towards a∗
∞,k̄

the cost strictly

decreases and the total workload strictly increases. Thus, given that
∑

k W
k
T ([~a

∗
C ]k)<C, we have some slack,

and there exists a threshold between [~a∗
C ]k̄ and a∗

∞,k̄
such that if we choose it instead of [~a∗

C ]k̄ and leave all

other entries of ~a∗
C the same we get a feasible solution with a strictly smaller cost than with the choice of

~a∗
C . This contradicts the fact that ~a∗

C is a globally optimal solution. This concludes the proof of the second

item in Theorem 3.

For the third item, recall that E denotes the set of indices for which the corresponding entries of the

optimal solution ~a∗
C are not equal to ak

min or a∗
∞,k. Denote by ~a∗

C,E the solution ~a∗
C restricted to the entries

in E. Consider the following optimization problem:

min
~a∈ ~AE

V (~a)

s.t.
∑

k∈E

W k
T (a

k) =C −
∑

k∈Ec

W k
T ([~a

∗
C ]k),

(36)

namely, we fix the entries in Ec, and optimize over the rest.

Lemma 5. ~a∗
C,E is an optimal solution for the optimization problem (36).

Proof of Lemma 5. Assume by way of contradiction that there exist ~b∈ ~AE for which V (~b)<V (~a∗
C,E).

Then if we take the elements of ~a∗
C in the indices that belong to Ec with the corresponding elements of b

we get a feasible vector for the original optimization problem but with a lower cost than that of ~a∗
C . This

contradicts the fact that ~a∗
C is an optimal solution. Q.E.D.

Continuing with the proof of the third item in Theorem 3, we now prove that ~a∗
C,E is regular. By the first

item in Theorem 3 and the definition of E, the entries of ~a∗
C,E must be strictly between the corresponding

ak
min and a∗

∞,k and therefore must be interior points. Thus, all of the boundary constraints aside from the

capacity constraint are inactive. ~a∗
C,E is a feasible solution, so all that is left is to verify is that at least one
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of the derivatives W k
S

′
([~a∗

C,Ec ]k) is not zero. But, by Proposition 1, these derivatives can only be zero once,

at the corresponding ak
min. By the definition of E, [~a∗

C,E]k 6= ak
min, for all k ∈E. Thus, we conclude that ~a∗

C,E

is regular.

Now, ~a∗
C,E is an optimal solution for the optimization problem (36), and it is regular. In addition, all of

the inequality constraints are inactive. Thus, by the KKT sufficient conditions for optimality (e.g., Propo-

sition 3.3.1. in Bertsekas 1997), we obtain that there exists a unique Lagrange multiplier Γ ≥ 0 such that

V ′
k([~a

∗
C ]k)+ΓW k

T

′
([~a∗

C ]k) = 0, for all k ∈E. Moreover, by the definition of E and the properties of {Vk} and

{W k
S}, none of these derivatives are zero. Thus, Γ must be strictly positive.

Lastly, we wish to prove that ~a∗
C,E is the unique optimal solution of the un-capacitated optimization

problem min~a∈ ~AE

∑

k∈E Vk (hR +Γ, hH +Γ, ak), where Γ > 0 is the previously considered unique Lagrange

multiplier for which Γ=−V ′
k([~a

∗
C ]k)/W

k
T

′
([~a∗

C ]k) for all k ∈E. The proof now follows the exact same steps as

that of Proposition 4. Namely, for each k ∈E, [~a∗
C ]k must be the unique minimum of Vk (hR +Γ, hH +Γ, ak)

in the allowed interval. Thus, ~a∗
C,E is the unique minimizer of their sum. Q.E.D.

Proof of Theorem 4. We begin by recalling the relevant notation and previously established results:

1. a∗
∞ := argmina∈A V (a).

2. aH := inf{a≥ 0 :WH(a)≤CH}, aR := sup{a≥ 0 :WR(a)≤CR}.

3. The values a∗
∞, aH , and aR are all unique.

4. The function WH(a) is strictly decreasing, while WR(a) is strictly increasing.

5. From the analysis in the proof of Proposition 3, the function V (a) can exhibit one of the following three

behaviors:

(a) strictly increasing;

(b) strictly decreasing;

(c) unimodal: decreasing up to a unique minimum in R+, then strictly increasing.

6. From the last item, it follows that any deviation from a∗
∞ strictly increases the value of V (a). Moreover,

V ′(a) has at most one zero, and if it exists, it corresponds to the unique minimizer.

We now distinguish between two cases:

Case 1: a∗
∞ ∈ CFR. In this case, a∗

∞ is feasible and, by definition, minimizes V (a) over the entire domain A.

Therefore, it is also the unique minimizer over the feasible region, i.e., a∗
C = a∗

∞.

Case 2: a∗
∞ /∈ CFR, i.e., either a

∗
∞ <aH or a∗

∞ >aR. By the properties above, moving away from a∗
∞ toward

the feasibility region causes V (a) to strictly increase.

• If a∗
∞ < aH , then the first feasible point encountered as a increases is aH , and since V (a) is strictly

increasing in this direction, the optimal feasible solution is a∗
C = aH .

• If a∗
∞ > aR, then the first feasible point when decreasing a toward the feasibility region is min(Ā, aR),

which is thus the optimal solution. Hence, a∗
C = aR ∧ Ā, as stated. Q.E.D.
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Proof of Proposition 6. We begin by considering the case where WH(a
∗
∞)≤CH and WR(a

∗
∞)≤CR.

In this case, it follows from definitions (23) and (24) that ΓH = 0 and ΓR = 0, respectively. Therefore,

problems (21) and (25) are identical, and their unique solution is a∗
∞. Moreover, Theorem 4 guarantees that

in this case a∗
C = a∗

∞, which proves the desired result.

Next, we consider the case where WH(a
∗
∞) > CH and WR(a

∗
∞) ≤ CR, implying that ΓH > 0 and ΓR = 0.

Theorem 4 ensures that a∗
C is the unique solution to the constrained problem (22).

To prove the proposition, we now leverage a structural property of the objective function V (a). Recall

that:

V (hR, hH , a) = hRWR(a)+λpx(a)hTT +hHWH(a),

and hence,

V (hR, hH , a)+ΓHWH(a) = (hR)WR(a)+λpx(a)hTT +(hH +ΓH)WH(a)

= V (hR, hH +ΓH , a).

That is,

V (hR, hH +ΓH , a) = V (hR, hH , a)+ΓHWH(a). (37)

Differentiating the right-hand side of (37) with respect to a, and using the definition of ΓH , we obtain:

(V (hR, hH , a)+ΓHWH(a))
′
= V ′(hR, hH , a)−

V ′(hR, hH , a
∗
C)

W ′
H(a

∗
C)

W ′
H(a).

By construction, this expression equals zero when a= a∗
C . Therefore, by (37), we conclude that the deriva-

tive of V (hR, hH +ΓH , a) is also zero at a= a∗
C .

From the analysis in the proof of Proposition 3, we know that for any fixed hR, hH > 0, the function

V ′(hR, hH , a) has at most one zero in R+, and if such a zero exists in (0, Ā), it corresponds to a unique

global minimizer. Hence, a∗
C is the unique solution to the modified uncapacitated problem (25), concluding

the proof for this case.

The proof for the only remaining case where WH(a
∗
∞)≤CH and WR(a

∗
∞)>CR, implying that ΓH = 0 and

ΓR > 0 follows the same line of arguments and is hence omitted. Q.E.D.
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