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The widespread prevalence of opioids has prompted governments to implement targeted interventions aimed

at reducing overdose mortality, with naloxone accessibility emerging as one of the most prominent policies.

Naloxone, a potent opioid antagonist, is highly effective in reversing overdoses, yet its expanded availability

introduces complex trade-offs, particularly in the presence of moral hazard.

We develop a dynamic compartmental model that captures transitions between susceptible individuals and

those with opioid use disorder (OUD), allowing us to evaluate the impact of naloxone accessibility on overdose

mortality and to derive the optimal accessibility policy. We show that full naloxone accessibility is optimal

in the absence of moral hazard or when its effect is small. However, when moral hazard is significant—where

greater access to naloxone encourages riskier opioid use—expanded accessibility can paradoxically increase

overdose deaths.

Extending the model to incorporate peer-driven contagion in opioid misuse, we find that the structure

of the optimal policy remains robust, preserving the bang-bang nature and the reversal induced by moral

hazard. Two additional insights emerge under this interaction-based model. First, in epidemics primarily

driven by prescription-induced opioid use, full accessibility remains optimal. In contrast, when opioid use

spreads socially—especially as the effectiveness of naloxone declines due to potent synthetic opioids like

carfentanil—limited accessibility may become preferable. Second, the relationship between naloxone accessi-

bility and overdose mortality may become non-monotonic, exhibiting an inverted U-shape in which moderate

increases in accessibility can initially worsen outcomes.

A calibrated case study based on U.S. data suggests that under current epidemic conditions, full accessi-

bility remains optimal—a finding that aligns with existing regulatory policies. However, our results highlight

that shifts in epidemic dynamics, such as increased opioid potency, may fundamentally alter this conclusion.

These findings underscore the need for continuous reevaluation of naloxone distribution policies as the opioid

crisis evolves.
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1. Introduction

The opioid epidemic is a growing global crisis, with the U.S. experiencing particularly severe

impacts. Prescription opioids—such as tramadol and medical fentanyl—are widely used for pain

relief but are highly susceptible to misuse, leading to dependency and addiction. For individuals

who overdose, the risk of respiratory depression is significant, and without the timely administration

of the opioid antagonist naloxone, the likelihood of suffocation and death rises dramatically.

A 2019 investigation from the World Health Organization (2024) reported that approximately

600,000 people worldwide died from drug-related causes, with nearly 80% of those deaths attributed

to opioids. Moreover, the opioid epidemic in the U.S. worsened during the COVID-19 pandemic,

as many individuals turned to illicit synthetic fentanyl to cope with mental health issues such as

anxiety and depression (Haley and Saitz 2020, Abramson 2021). According to the National Institute

on Drug Abuse (2024), the annual number of deaths related to opioid overdoses in the U.S. was

approximately 50,000 between 2017 and 2019, surged to 68,630 in 2020, and further increased to

81,806 in 2022.

The staggering number of deaths poses a grave threat to public health and well-being, making

it imperative for governments to implement policies aimed at reducing opioid-related mortality.

One direct approach is to enhance the accessibility of naloxone, enabling individuals to promptly

administer this life-saving medication in the event of an overdose. Specifically, classifying naloxone

as a non-prescription medicine and allowing individuals with opioid use disorder (OUD) to take it

home has helped increase access (Hardin et al. 2024). Several countries have adopted such measures

in recent years. In 2023, the U.S. Food and Drug Administration (FDA) approved Narcan, a nasal

spray form of naloxone, for over-the-counter (OTC) use, allowing purchase without a prescription.

Canada and Australia implemented similar policies in 2016 and 2022, respectively, and Sweden is

preparing to follow suit (Euractiv 2024).

Despite these advances, important questions remain about the unintended consequences and

broader systemic effects of naloxone accessibility. Two key mechanisms underlie this complexity:

moral hazard and social contagion.

Moral hazard. Expanding naloxone access may inadvertently encourage riskier opioid use by

changing the perceived consequences of overdose. For instance, Sally Satel, a psychiatrist and drug

policy scholar, noted, “Patients occasionally tell me that having naloxone on hand has served as

insurance against overdose. So, in some instances, it enhances risk taking” (The Washington Post

2018). Empirical findings on this channel are mixed—some studies detect increases in risky use

or treatment episodes following access expansions, while others find little or no change (Ardeljan

et al. 2023, Qayyum et al. 2023). These competing narratives highlight the need to assess whether

and when moral hazard meaningfully offsets naloxone’s life-saving potential.
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Social contagion. Heterogeneous outcomes across regions also suggest the importance of social

and geographic networks. Opioid use and overdose risk can concentrate and spread through such

networks: peers transmit norms and information, supply and potency shocks move along shared

connections, and changes in local services spill over to nearby communities (Adamopoulou et al.

2024, Seamans et al. 2018). These social dynamics can amplify or dampen the impact of access

policies, implying that naloxone’s effectiveness depends not only on individual behavior but also

on the structure of interactions within affected populations.

Taken together, these motivations raise two central research questions: (1) How does expanding

naloxone accessibility affect overdose mortality once behavioral responses and social spillovers

are accounted for? (2) What level of accessibility minimizes opioid-related deaths across different

environments? To answer these questions, we develop and analyze a sequence of models that

explicitly incorporates the relationship between naloxone accessibility, overdose mortality, and the

emergence of new individuals with OUD, while accounting for both moral hazard and peer-driven

contagion in opioid misuse. Our framework treats access as a policy lever, quantifies when it remains

beneficial versus when it can backfire, and yields structured, testable policy guidance. Despite the

urgency and societal relevance of this issue, it remains largely underexplored in the operations

research and operations management literature.

Specifically, we introduce a mathematical framework that combines a Suscepti-

ble–Addicted–Susceptible (SAS) structure with explicit modeling of naloxone accessibility as an

optimizable policy variable. The framework is organized as a four-model cascade: a baseline SAS

model, an extension with moral hazard (SAS-M), an extension with social contagion (D-SAS),

and a combined model with both mechanisms (D-SAS-M). This design captures the dynamic

interplay between opioid use, overdose mortality, and behavioral responses, enabling us to evaluate

trade-offs between overdose prevention and risk compensation. We also complement the analytical

results with a calibrated U.S. case study, which assesses current epidemic conditions and explores

how future changes in opioid potency could reverse policy conclusions.

The paper makes the following key contributions:

• An operational modeling framework for naloxone accessibility. We introduce a math-

ematical framework to analyze the opioid crisis, combining a Susceptible–Addicted–Susceptible

(SAS) structure with explicit modeling of naloxone accessibility as a policy lever that can be opti-

mized. The framework consists of four models—a baseline SAS model, an extension with moral

hazard (SAS-M), an extension with social contagion (D-SAS), and a combined model with both

mechanisms (D-SAS-M). This setup captures the dynamic interplay between opioid use, overdose

mortality, and behavioral responses, allowing systematic evaluation of the trade-offs between over-

dose prevention and potential risk compensation.
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• Structured characterization of optimal accessibility under moral hazard. We formu-

late and solve an optimization problem that minimizes overdose mortality while explicitly account-

ing for moral hazard, where greater accessibility may encourage riskier opioid consumption. The

analysis provides a transparent policy rule that links behavioral responses to the recommended level

of access and identifies when more limited accessibility may become preferable. While policymakers

are aware of this trade-off, our model formalizes it and provides an interpretable threshold-style

guideline that can inform ongoing policy evaluation.

• Robustness of optimal policy under social contagion dynamics. We show that the

structure of the optimal policy remains robust even when incorporating peer-driven contagion in

opioid misuse. The switching behavior identified under moral hazard persists, but social dynamics

can generate additional complexity, including a non-monotonic (inverted U-shaped) relationship

between accessibility and mortality.

• Empirical calibration and case study. We calibrate the framework using U.S. data to

assess current epidemic conditions. The analysis suggests that full public accessibility remains

optimal under present circumstances but may reverse as opioid potency increases, underscoring

the importance of continuous policy reassessment.

The remainder of the paper proceeds as follows. Section 2 reviews the related literature. Sec-

tions 3–6 sequentially develop the four models and analyze the resulting policy implications. Sec-

tion 7 presents a calibrated U.S. case study, and Section 8 concludes with implications and future

research directions. Technical proofs appear in the electronic companion.

2. Literature Review

Our work relates to three research streams: (1) operations research/operations management

(OR/OM) studies of the opioid crisis; (2) epidemiological models of overdose and substance use;

and (3) naloxone-policy debates in economics, public health, and medicine.

2.1. The Opioid Crisis in OR/OM

Early OR/OM work on addiction management includes Zaric et al. (2000), who analyzed the

U.S. drug crisis and showed that expanding methadone maintenance is cost-effective and improves

outcomes for injection drug users. Although academic attention waned for a period, interest has

grown markedly in recent years.

A central operational challenge is the extremely short “golden window” in which naloxone can

reverse an overdose. To reach individuals who do not have naloxone on hand, recent studies

design drone networks for rapid delivery: Gao et al. (2024) and Lejeune and Ma (2025) formu-

late optimization models that reduce response time and mortality. Other work integrates epidemic

dynamics with resource allocation: Ansari et al. (2024) couples a dynamic compartmental model
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with a Markov decision process to optimize budgets across interventions, and Luo and Stellato

(2024) links a dynamic model with a mixed-integer program to improve treatment-facility siting

and budgeting, thereby expanding access for people with OUD. Baucum et al. (2025) proposed

a predict-then-optimize framework to reallocate treatment centers across U.S. counties, balancing

mortality reduction with equity. In related work, Gökçınar et al. (2022) developed a prescription

opioid pain management framework to balance pain relief and addiction risk, and Bertsimas et al.

(2025) presented a semisupervised machine learning approach to detect illegal diversion in the U.S.

prescription opioid supply chain. Building on this stream, Gan et al. (2025) introduce a constrained

partially observable Markov decision process that leverages wearable data to optimize personalized

OUD treatment strategies.

Complementing these model-driven studies, several OM papers take empirical approaches to the

opioid/drug crisis. For example, Yang and Mishra (2025), Liu and Bharadwaj (2020), Bobroske

et al. (2022), KC et al. (2022), and Attari et al. (2025) examine how factors such as online platforms,

supply-chain practices, and race correlate with opioid/drug-related outcomes, yielding evidence to

guide management and policy.

Despite this progress, to our knowledge, there are no analytical models that explicitly link

naloxone accessibility to epidemic dynamics and that optimize its availability. We address this gap

by developing and analyzing stylized mathematical models that clarify the managerial and policy

implications of naloxone accessibility—an issue of urgent public-health and societal importance.

2.2. Epidemiological Models of Overdose and Substance Use

Rooted in infectious-disease epidemiology, compartmental models use systems of differential equa-

tions to track population movements—e.g., initiation, casual or nonmedical use, OUD, treatment,

recovery, and relapse—while incorporating overdose risk as a (potentially state-dependent) hazard.

Related methodologies have been applied to forecast outbreaks and design allocation policies in

public health (e.g., Zhou et al. 2025, Li et al. 2023).

Unlike OR/OM studies that embed these dynamics for resource allocation, this subsection focuses

on the epidemiological structure and its implications for overdose. In biomathematics, compartmen-

tal models of the opioid crisis are widely studied. For example, Battista et al. (2019) incorporate

prescription-induced initiation and treatment; Cole et al. (2024) add a saturation treatment func-

tion and an explicit casual-user class; and additional work analyzes heroin-use dynamics and related

mechanisms (Djilali et al. 2017, Huang and Liu 2013, Cole and Wirkus 2022). Collectively, these

models clarify how initiation, social influence, treatment capacity, and relapse interact to shape

prevalence and overdose mortality.

Our SAS family of models fits squarely within this epidemiological tradition: it captures

prescription-induced initiation, socially contagious addiction, and explicit overdose hazards, yet
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remains analytically tractable and yields closed-form equilibria. Moreover, we model moral haz-

ard and the role of naloxone accessibility within the dynamical system, providing interpretable

thresholds and comparative statics that connect epidemiological mechanisms to actionable policy

insights.

2.3. Naloxone Policy Across Economics, Public Health, and Medicine

Across economics, public health, and medicine, naloxone accessibility remains the subject of active

debate. A large public health and clinical literature supports expanding access. For example, Rao

et al. (2021) project that overdose deaths in the U.S. could reach 1,220,000 by 2029 and estimate

that a 30% increase in naloxone access would avert roughly 25% of these deaths. Jawa et al.

(2022) advocate broader access and over-the-counter availability, including insurer reimbursement

for people with OUD; similar recommendations appear in Burris et al. (2009), Houser (2023),

Messinger et al. (2023), Saberi et al. (2024).

In contrast, several economic studies emphasize behavioral responses—often framed as moral

hazard—where protection from harm can induce riskier behavior (e.g., Doleac and Mukherjee

2022, Packham 2022). The classic illustration comes from traffic safety, where improvements were

argued to offset some benefits via riskier driving (Peltzman 1975); analogous mechanisms have

been discussed in finance and insurance, where government guarantees may encourage risk-taking

(Pernell and Jung 2024).

Applied to opioids, Doleac and Mukherjee (2022) and Packham (2022) argue that expanding

naloxone access may yield mixed effects if it unintentionally encourages riskier use. Related evidence

shows that certain decriminalization policies—by increasing drug accessibility—were followed by

unexpected rises in overdose deaths (Spencer 2023, Liu et al. 2025). Our findings also connect to

Cawley and Dragone (2024), who show that introducing less harmful substitutes (e.g., methadone)

can improve outcomes but, under some conditions, may generate unintended consequences.

Taken together, our contribution to this debate is to frame naloxone access as an operational

policy choice embedded in epidemiological dynamics. The model delivers transparent, threshold-

based policy rules and testable predictions (e.g., potential inverted-U effects and regime switches

as behavioral response or contagion intensifies) that help reconcile mixed empirical findings. It

also guides measurement—estimating behavioral responses, transmission intensity, and overdose

lethality across low- and high-risk states—to enable continuous re-evaluation. A calibrated U.S.

case study indicates that full access is currently optimal, while the same framework pinpoints

conditions (e.g., more frequent overdoses or reduced reversal effectiveness) under which limited

public access would minimize deaths.
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3. The Basic SAS Model

Our basic SAS model, illustrated in the top-left panel of Figure 1, comprises two groups: S(t), the

number of susceptible individuals at time t, and A(t), the number of individuals with OUD at time

t.

Figure 1 Illustration of the four-model SAS cascade (SAS, SAS-M, D-SAS, and D-SAS-M).

We denote by Λ> 0 the inflow rate into the susceptible group, and by α> 0 the natural death

rate representing outflow from both groups. Similar to Luo and Stellato (2024), in our basic model,

we assume that new individuals with OUD are generated at a transition rate η > 0 from the

susceptible group. This transition pattern can be interpreted as patients spontaneously developing

OUD as a result of opioid prescription induction.

In the case of an overdose, δℓ ∈ (0,1) and δh ∈ (0,1) denote the mortality rates at the individual

level, with δℓ being lower when timely treatment with naloxone is provided, and δh being higher

when such treatment is unavailable. That is, δh > δℓ. The rate at which overdose events occur

among individuals with OUD is denoted as χ> 0.

Decision variable. We let θ ∈ [0,1] denote naloxone accessibility delivered through population-

level public channels (standing orders, public distribution), defined as the share of individuals with

OUD who have naloxone available at the time of an overdose. Thus, θ is both the policy lever and

the corresponding possession share: θ= 1 represents public access sufficient to yield (near-)universal

immediate access, whereas θ = 0 means public channels are not in operation. Importantly, θ = 0
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does not imply clinical unavailability; strict prescription and clinician-administered use remain

possible.

Indeed, clinician-mediated access remains possible even when public channels are off. A parallel

exists in other regulatory contexts: in the U.S., methamphetamine is a Schedule II controlled

substance—nonmedical distribution is illegal, yet limited medical use under strict supervision is

permitted (Drug Enforcement Administration 2025).

While our model primarily focuses on naloxone accessibility for individuals with OUD, we

acknowledge that expanding naloxone access extends beyond this group to the general public.

By increasing community-wide availability, policymakers aim to ensure that bystanders can inter-

vene during an overdose, reinforcing the broader public health objective of reducing opioid-related

mortality across society.

Lastly, we denote by γ > 0 the rate at which individuals with OUD successfully overcome their

active use through medication-assisted treatment or other therapeutic methods. Recognizing the

potential for relapse, we also account for individuals who, after successful detoxification, may revert

to active use.

In the basic model, we assume that opioid overdose rates are uniform across the OUD population,

regardless of naloxone possession. In other words, possessing naloxone does not lead to increased

opioid consumption or overdose. This assumption aligns with a widely accepted perspective within

parts of the public health community (New York Times 2024, Tse et al. 2022). In Section 4, we

incorporate a moral hazard, which suggests an increased risk of opioid overdose among individuals

with OUD who possess naloxone, as argued by some economic studies (Doleac and Mukherjee 2022,

Packham 2022).

Furthermore, in Section 5 and Section 6, we introduce two model extensions in which the gen-

eration of new individuals with OUD could be influenced by interactions between the susceptible

and OUD groups – an approach aligns with the framework of infectious model prevalent in epi-

demiology, which has been proposed in several studies as a suitable representation of the opioid

overdose crisis (Ansari et al. 2024, Cole et al. 2024).

The dynamics of the basic SAS model are described by the following system of differential

equations: 
Ṡ(t) = Λ− (α+ η)S(t)+ γA(t),

Ȧ(t) = ηS(t)− (α+ γ+χθδℓ +χ(1− θ)δh)A(t),

S(t),A(t)≥ 0.

(1)

Note that the overall mortality rate regarding overdose in model (1) is (χθδℓ +χ(1− θ)δh).
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3.1. Optimization and Analysis

We begin by deriving the equilibrium point, (S∗,A∗), for the basic model described in (1):

(S∗,A∗) =


Λ(χ(θδℓ +(1− θ)δh)+α+ γ)

α(α+ γ+ η)+χ(α+ η)(θδℓ +(1− θ)δh)
,

ηΛ

α(α+ γ+ η)+χ(α+ η)(θδℓ +(1− θ)δh)

 .

Recognizing that fatal outcomes from opioid abuse represent the primary concern for both poli-

cymakers and society (CNN 2017, Reider 2019), our objective is to minimize the long-run average

opioid overdose mortality. Specifically, we seek to solve:

min
θ∈[0,1]

D(θ) := lim
T→∞

1

T

∫ T

0

χ(θδℓ +(1− θ)δh)A(t)dt

=χ(θδℓ +(1− θ)δh)A
∗

=
ηΛχ(θδℓ +(1− θ)δh)

α(α+ γ+ η)+χ(α+ η)(θδℓ +(1− θ)δh)
.

(2)

Proposition 1 (Optimal accessibility for the SAS model). For problem (2), full nalox-

one accessibility is optimal.

Proposition 1 establishes that full naloxone accessibility minimizes opioid overdose mortality.

Intuitively, broader naloxone availability increases the likelihood of survival during overdose events

among individuals with OUD. This result aligns with widely held views that advocate for universal

access to naloxone (e.g., The Washington Post 2023). Furthermore, it is consistent with current

FDA regulations, which support its approval as an OTC medication and emphasize the importance

of maximizing its accessibility.

4. Accounting for Moral Hazard in SAS-M Model

While the basic SAS model establishes that full accessibility is optimal absent behavioral responses,

real-world evidence suggests this may be incomplete (Doleac and Mukherjee 2022, Packham 2022).

The moral hazard phenomenon, also known as the Peltzman effect (Peltzman 1975), has been

widely discussed in relation to the opioid crisis. Moral hazard is an economic concept describing the

tendency of individuals to take riskier actions when they can mitigate or avoid the consequences

of those risks. A classic and illustrative example of moral hazard pertains to traffic safety: for

instance, Sagberg et al. (1997) observed that taxi drivers operating vehicles equipped with Anti-

lock Braking Systems (ABS) tend to wear seatbelts less frequently compared to those driving taxis

without ABS.

In the context of the opioid crisis, there is growing concern that easier access to naloxone may

encourage riskier opioid consumption behavior among individuals with OUD, leading to higher

misuse rates. Specifically, individuals may consume opioids in a compensatory manner, assuming
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naloxone will mitigate the risk of fatal overdose. Some economic studies have used econometric

methods to provide evidence of moral hazard in this context (Doleac and Mukherjee 2022, Packham

2022). Furthermore, individuals who overdose and are revived with naloxone often experience severe

withdrawal symptoms, which can increase the likelihood of immediate opioid reuse (Greene 2018).

However, some public health experts challenge these findings, arguing that moral hazard is either

negligible or irrelevant in the context of the opioid crisis (New York Times 2024). They emphasize

that the life-saving benefits of naloxone far outweigh the speculative risks of increased opioid

misuse.

Since the existence and extent of moral hazard remain a subject of debate, we consider its poten-

tial impact on the opioid crisis and the optimal design of naloxone accessibility policies. Ignoring

moral hazard risks may result in incomplete or suboptimal strategies for addressing opioid misuse

and overdose fatalities. To this end, we introduce ∆≥ 0 to capture moral hazard among individ-

uals with OUD who have access to naloxone—an additive term representing the elevated overdose

rate attributable to access, holding other drivers fixed (see the top-right panel of Figure 1). Thus,

∆ = 0 denotes no measurable risk compensation, whereas a positive ∆ indicates that individuals

with access face a higher baseline risk of overdose. For calibration, ∆ is estimated using quasi-

experimental evaluations of naloxone access laws (Abouk et al. 2019, Doleac and Mukherjee 2022)

(see Section 7.1).

The SAS-M model incorporating moral hazard is in the following system of differential equations:
Ṡ(t) = Λ− (α+ η)S(t)+ γA(t),

Ȧ(t) = ηS(t)− (α+ γ+(χ+∆)δℓθ+χδh(1− θ))A(t),

S(t),A(t)≥ 0,

where (χ+∆)δℓθ+χδh(1−θ) is the overall mortality rate regarding opioid overdose and (χ+∆)δℓθ

represents the mortality rate of the OUD group possessing naloxone at a moral hazard level ∆.

Clearly, there are additional ∆δℓθA(t) deaths involving opioids at time t.

4.1. Optimization and Analysis

We begin by deriving the equilibrium point (S∗
M ,A∗

M) for the SAS-M model:

(S∗
M ,A∗

M) =


Λ(α+ γ+χ(θδℓ +(1− θ)δh)+∆δℓθ)

α(α+ γ+ η)+ (α+ η)(χ(θδℓ +(1− θ)δh)+∆δℓθ)
,

ηΛ

α(α+ γ+ η)+ (α+ η)(χ(θδℓ +(1− θ)δh)+∆δℓθ)

 .

The corresponding optimization objective for the SAS-M model is given by

min
θ∈[0,1]

DM(θ) := lim
T→∞

1

T

∫ T

0

(χ(θδℓ +(1− θ)δh)+∆δℓθ)A(t)dt

=(χ(θδℓ +(1− θ)δh)+∆δℓθ)A
∗
M

=
ηΛ(χ(θδℓ +(1− θ)δh)+∆δℓθ)

α(α+ γ+ η)+ (α+ η)(χ(θδℓ +(1− θ)δh)+∆δℓθ)
.

(3)
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As evident from (3), both the direct life-saving benefits of naloxone and the adverse effects of

moral hazard contribute to overdose mortality through the term χ((1 − θ)δh + θδℓ) + ∆δℓθ. In

particular, for any fixed level of accessibility θ, we have ∂DM/∂∆> 0, indicating that an increase

in moral hazard directly increases overdose mortality and may, therefore, contradict the public

health objective of reducing overdose deaths.

To formally capture the tension between opposing forces from moral hazard and naloxone acces-

sibility, we next define the neutral effect threshold associated with moral hazard:

∆̄ :=
χ(δh − δℓ)

δℓ
> 0.

In other words, ∆̄ represents the critical threshold at which naloxone accessibility yields a neutral

effect on overdose mortality. Specifically, when ∆ = ∆̄, the total overdose mortality rate, (χ +

∆̄)δℓθ+χδh(1− θ), simplifies to χδh, which is independent of the accessibility level θ.

Theorem 1 characterizes the optimal naloxone accessibility policy in the presence of moral hazard.

Theorem 1 (Optimal accessibility for the SAS-M model). For problem (3), full accessi-

bility is optimal if ∆< ∆̄, and no accessibility is optimal otherwise.

For clarity and consistency throughout the paper, the boundary case ∆= ∆̄ is combined with the

case where no accessibility is optimal. We note, however, that at this threshold, any accessibility

yields identical overdose mortality levels and is therefore optimal. More generally, we classify any

non-unique optimal policy that includes zero accessibility as a zero-accessibility policy by default

throughout the paper.

According to Theorem 1, when moral hazard is relatively mild, the life-saving benefits of naloxone

outweigh its adverse behavioral effects, making full accessibility optimal. Conversely, when moral

hazard becomes sufficiently large, the negative consequences dominate, and restricting accessibility

becomes preferable. Limiting access in this case helps mitigate overdose risk and prevents further

loss of life. This bang-bang structure, in which the optimal policy lies at one of the extremes, is

common in healthcare management models (Mehrez and Gafni 1987, Chehrazi et al. 2019).

Using the threshold in practice requires the estimation of ∆ from quasi-experimental variation

in access (see section 7.1). Compute the calibrated threshold ∆̄ and report a simple “distance to

threshold”. If the estimation value of ∆ lies below the threshold, the model supports broad access;

if above, more limited public access may be warranted.

Figure 2 illustrates the effect of naloxone accessibility on overdose mortality across varying lev-

els of moral hazard. When moral hazard is relatively low (∆ < ∆̄ = 0.06), increasing naloxone

accessibility leads to a decline in overdose mortality, highlighting the life-saving benefits of broader

naloxone availability in settings with limited risk compensation behavior. In contrast, when moral
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hazard is high (∆> ∆̄), greater naloxone accessibility results in higher overdose mortality, suggest-

ing that excessive reliance on naloxone may encourage riskier opioid use behaviors that outweigh

its protective effect. At the threshold level (∆= ∆̄), overdose mortality is independent of naloxone

accessibility, indicating a tipping point at which the positive and negative effects of accessibility are

balanced. Furthermore, holding naloxone accessibility θ constant, an increase in moral hazard con-

sistently leads to higher overdose mortality, reinforcing the detrimental role of risk compensation

in undermining public health interventions.
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Figure 2 Naloxone accessibility effect on overdose mortality DM . The parameters are: Λ = 2× 105, α = 0.01,

η= 0.09, χ= 0.012, δh = 0.75, δℓ = 0.125, γ = 0.1, ∆̄ = 0.06.

5. The D-SAS Model Incorporating Social Interaction

In this section, we extend the analysis by incorporating a peer-driven contagion mechanism, moti-

vated by evidence that opioid use and overdose risk concentrate and spread through social and

geographic networks (e.g., Battista et al. 2019, Cole and Wirkus 2022, Cole et al. 2024, Ansari

et al. 2024). This perspective complements the infectious-disease analogy while making explicit

the relevant channels: peer influence (norms and information), market linkages (shared supply and

potency shocks), and service spillovers (changes in nearby harm-reduction or treatment access).

In our formulation, the emergence of new cases depends on interactions between people at risk

and those already affected, generating nonlinear growth consistent with observed clustering and

diffusion patterns.

A substantial empirical literature documents peer, family, and neighborhood influences in opioid

misuse and related outcomes. For example, Adamopoulou et al. (2024) show that serious injuries

increase prescription exposure and the risk of misuse, which then spread through peer effects,

raising a best friend’s likelihood of opioid misuse by about 7%. Likewise, Seamans et al. (2018) find

that exposure to a household member’s opioid prescription increased the 1-year risk of subsequent
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opioid use by 0.71% compared with exposure to a household member’s nonopioid prescription.

We therefore model social contagion explicitly and examine how these network-mediated effects

interact with access policies in shaping overdose mortality.

We introduce the D-SAS model, illustrated in the bottom-left panel of Figure 1, which incor-

porates dual pathways for the pathogenesis of OUD: a constant-rate term, as in the baseline SAS

model, and an interaction term that captures new cases arising from contacts between susceptible

individuals and those with OUD. In Section 6, we further extend the model to include the effects

of moral hazard.

We adopt the standard incidence form, β S(t)A(t)

N(t)
, to model the interaction between susceptible

individuals and individuals with OUD, where β denotes the transmission rate, and N(t) = S(t)+

A(t) represents the total population at time t. This formulation is commonly used in epidemiological

models of the opioid crisis (e.g., Cole andWirkus 2022, Cole et al. 2024). The underlying assumption

is that opioid transmission primarily occurs within localized and bounded social networks, where

individuals tend to interact repeatedly within specific peer groups and communities (Mars et al.

2014). As a result, the likelihood of interaction depends on the proportion of individuals in each

group rather than their absolute numbers (Martcheva 2015).

The D-SAS model is governed by the following system of differential equations:
Ṡ(t) = Λ− (α+ η)S(t)−β

S(t)A(t)

N(t)
+ γA(t),

Ȧ(t) = ηS(t)+β
S(t)A(t)

N(t)
− (α+ γ+χθδℓ +χ(1− θ)δh)A(t),

N(t) = S(t)+A(t), S(t),A(t)≥ 0.

(4)

Remark 1. To ensure the robustness of our results, we also analyze an alternative formulation

based on the mass action incidence form, βS(t)A(t), which has been used in previous studies of

opioid use dynamics (e.g., Djilali et al. 2017, Huang and Liu 2013). The optimal accessibility policy

for the D-SAS model under mass action incidence is provided in Appendix EC.1. While the solution

formulations are slightly different, the overall structure of the solution and the key insights remain

consistent, demonstrating the robustness of the results.

5.1. Optimization and Analysis

We denote the equilibrium of the D-SAS model by (S∗
D,A

∗
D), where closed-form expressions are

provided in Appendix EC.2. The corresponding optimization problem aims to minimize the long-

run average overdose mortality, given by:

min
θ∈[0,1]

DD(θ) := lim
T→∞

1

T

∫ T

0

(χθδℓ +χ(1− θ)δh)A(t)dt

=χ(θδℓ +(1− θ)δh)A
∗
D.

(5)
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Before characterizing the optimal naloxone accessibility policy for the D-SAS model in Theo-

rem 2, we introduce the following auxiliary terms:

β̄ := α+ γ+ η, δ̄ :=

(
β− β̄

)2
+4βη

2χ
(
β− β̄

) .

Note that δ̄ > 0 when β > β̄.

Theorem 2 (Optimal accessibility for the D-SAS model). For problem (5), the optimal

naloxone accessibility policy is as follows:

1. Full accessibility is optimal if any of the following conditions holds:

a. β ≤ β̄;

b. β > β̄ and δh ≤ δ̄;

c. β > β̄, δℓ < δ̄ < δh, and DD(θ= 1)<DD(θ= 0).

2. No accessibility is optimal if any of the following conditions holds:

a. β > β̄ and δℓ ≥ δ̄;

b. β > β̄, δℓ < δ̄ < δh, and DD(θ= 0)≤DD(θ= 1).

According to Theorem 2, the optimal accessibility level in the D-SAS model remains either full

or zero. Full accessibility is optimal when the opioid crisis is primarily driven by spontaneous,

prescription-induced addiction (Case 1a, i.e., when η is relatively large), consistent with the results

of the basic SAS model (Proposition 1).

In contagion-dominant environments (i.e., when β > β̄), the optimal policy depends on the

overdose rate χ to some degree. When χ is relatively low, the corresponding threshold δ̄ is large,

making it more likely that δh ≤ δ̄ holds and that full accessibility remains optimal (Case 1b). In such

settings, overdoses are infrequent, and expanding naloxone access enhances an already favorable

situation by further reducing preventable deaths.

However, even when opioid misuse is largely driven by peer influence and social transmission, full

accessibility may also no longer be optimal (Case 2). In these environments, preventing overdose

deaths prolongs the average duration of opioid use, expanding the pool of active users and ampli-

fying contact-driven initiation. This feedback can increase steady-state prevalence and ultimately

raise total overdose mortality, even if individual lethality declines. When the life-saving benefit of

naloxone is modest relative to this contagion effect (i.e., when δℓ exceeds δ̄), limited accessibility

becomes preferable. Moreover, because δ̄ decreases as χ increases, higher baseline overdose rates can

shift the system from a regime favoring full access (Case 1b) to one where restricting access (Case

2a) minimizes overall mortality. This framework thus provides policymakers with a quantitative

basis for identifying when broader accessibility may inadvertently worsen epidemic outcomes.
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At least for now, naloxone remains highly effective in reversing opioid overdoses, with a success

rate ranging from 75% to 100% (Rzasa and Galinkin 2018). This high efficacy implies that δℓ is

typically small, making it unlikely to exceed δ̄. Nevertheless, the growing prevalence of carfentanil—

an opioid estimated to be 100 times more potent than fentanyl—raises serious concerns (New

York Post 2024). Naloxone may be less effective in reversing overdoses involving such high-potency

substances, which would increase δℓ and thereby make Case 2a more relevant. This concern is

reinforced by emerging evidence suggesting that even high-dose naloxone formulations are not

necessarily more effective in these scenarios (STAT 2024). Consequently, if carfentanil or similarly

potent opioids become more widespread, the assumptions underlying the current optimal policy

may no longer hold, and naloxone distribution and usage guidelines would need to be carefully

reexamined. We revisit this issue in Section 7 through a calibrated analysis of future epidemic

scenarios.

When β > β̄ and δℓ < δ̄ < δh, determining the optimal level of accessibility becomes more intri-

cate. This complexity arises because, in Cases 1c and 2b, overdose mortality exhibits a non-

monotonic relationship with accessibility, whereas in Cases 1a, 1b, and 2a, the relationship remains

monotonic—either consistently decreasing or increasing. In the non-monotonic cases, mortality

follows an inverted U-shaped pattern: moderate increases in accessibility may initially worsen out-

comes before further expansion reduces mortality. This phenomenon, illustrated in Figure 3, high-

lights that incremental policy changes can sometimes be counterproductive. Accordingly, in such

cases, identifying the optimal accessibility level requires direct comparison of the two extremes,

θ = 0 and θ = 1, rather than relying on intermediate adjustments. This non-monotonicity has
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Figure 3 The impact of naloxone accessibility θ on overdose mortality. The specific parameter values used for

each plot are provided in Table EC.4 in Appendix EC.5.

important policy implications. Empirical findings by Packham (2022) show that modest expan-

sions in syringe service programs promoting naloxone access may increase opioid-related deaths,
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although this trend is not observed for more substantial expansions (Lambdin et al. 2023). While

this result – often referred to as a measurement problem – has faced criticism in public health

circles (New York Times 2024), our model suggests that such a counter-intuitive phenomenon is

theoretically plausible. Modest increases in naloxone accessibility may fail to offset the increase in

opioid misuse they trigger due to wider social interactions, potentially resulting in higher overdose

mortality.

Next, Figure 4 illustrates the optimal naloxone accessibility policy θ∗ under the D-SAS model

across a range of OUD onset rates η and transmission rates β. The figure partitions the (η,β)
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Figure 4 The optimal policy structure for the D-SAS model regarding β and η on the basis of D-SAS model.

The parameters are Λ= 2× 105, γ = 0.002, α= 0.006, δh = 0.75, δℓ = 0.35, χ= 0.002.

space into five distinct regions, each corresponding to a different case in Theorem 2. The region

enclosed by the solid black line comprises two areas (Cases 2a and 2b), where zero accessibility is

optimal. In contrast, the area outside the black line includes three regions (Cases 1a, 1b, and 1c),

where full accessibility is optimal. In other words, holding other parameters fixed, full accessibility

is optimal when either β is relatively small or large, or when η is relatively large. When β is small,

peer influence plays a limited role in opioid initiation, so increasing naloxone accessibility reduces

mortality without triggering broader behavioral responses. When β is large, social transmission

may nonlinearly pull more susceptibles into the OUD group, enlarging the population exposed to

overdose risk; hence, broadening naloxone accessibility is crucial to offset the corresponding rise in

preventable deaths.

As for η, a high spontaneous initiation rate means that many individuals begin opioid use inde-

pendently of social exposure. In such scenarios, the societal benefits of wide naloxone availability

outweigh the risks, justifying full accessibility. Conversely, when β is moderate and η is low, opi-

oid use remains relatively contained. In these cases, increasing accessibility has limited impact on

reducing deaths, making zero accessibility the optimal policy.
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6. Accounting for Moral Hazard in D-SAS-M Model

We now incorporate moral hazard into the D-SAS model, yielding the D-SAS-M model, illustrated

in the bottom-right panel of Figure 1. This model is governed by the following system of differential

equations: 
Ṡ(t) = Λ− (α+ η)S(t)−β

S(t)A(t)

N(t)
+ γA(t),

Ȧ(t) = ηS(t)+β
S(t)A(t)

N(t)
− (α+ γ+(χ+∆)θδℓ +χ(1− θ)δh)A(t),

N(t) = S(t)+A(t), S(t),A(t)≥ 0.

6.1. Optimization and Analysis

We denote the equilibrium of the D-SAS-M model by (S∗
D,M ,A∗

D,M). Due to the complexity of the

expressions, their closed-form representations are provided in Appendix EC.2.

The corresponding optimization problem that minimizes the long-run average overdose mortality

is given by:

min
θ∈[0,1]

DD,M(θ) := lim
T→∞

1

T

∫ T

0

((χ+∆)θδℓ +χ(1− θ)δh)A(t)dt

=((χ+∆)θδℓ +χ(1− θ)δh)A
∗
D,M .

(6)

We start by defining the following revised threshold:

δ̄M :=

(
β− β̄

)2
+4βη

2(χ+∆)
(
β− β̄

) .
Note that δ̄ > δ̄M > 0 when β > β̄ and ∆ > 0. The joint presence of social contagion and moral

hazard makes the policy characterization in Theorem 3 inherently more complex: the consequences

of expanding accessibility now reflect not only epidemic dynamics but also behavioral responses to

risk mitigation.

Theorem 3 (Optimal accessibility for the D-SAS-M model). For problem (6), the opti-

mal naloxone accessibility policy is as follows:

1. Full accessibility is optimal if any of the conditions in Table 1 holds.

Table 1 Conditions under which full accessibility (θ= 1) is optimal

Case ∆ vs. ∆̄ β vs. β̄ δ̄, δ̄M Additional Condition

a. ∆< ∆̄ β ≤ β̄ – –

b. ∆< ∆̄ β > β̄ δh ≤ δ̄ –

c. ∆> ∆̄ β > β̄ δh ≥ δ̄ –

d. ∆< ∆̄ β > β̄ δh > δ̄, δℓ < δ̄M DD,M(θ= 1)<DD,M(θ= 0)

e. ∆> ∆̄ β > β̄ δh < δ̄, δℓ > δ̄M DD,M(θ= 1)<DD,M(θ= 0)

2. No accessibility is optimal if any of the conditions in Table 2 holds.
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Table 2 Conditions under which zero accessibility (θ= 0) is optimal

Case ∆ vs. ∆̄ β vs. β̄ δ̄, δ̄M Additional Condition

a. ∆≥ ∆̄ β ≤ β̄ – –

b. ∆≤ ∆̄ β > β̄ δℓ ≥ δ̄M –

c. ∆≥ ∆̄ β > β̄ δℓ ≤ δ̄M –

d. ∆≤ ∆̄ β > β̄ δh > δ̄, δℓ < δ̄M DD,M(θ= 0)≤DD,M(θ= 1)

e. ∆≥ ∆̄ β > β̄ δh < δ̄, δℓ > δ̄M DD,M(θ= 0)≤DD,M(θ= 1)

6.2. Interpreting Theorem 3: Policy Regimes and Decision Maps (with SAS-M
Comparison)

According to Theorem 3, Figure 5 illustrates how the optimal naloxone accessibility policy depends

on the overdose mortality rates δℓ and δh, which represent mortality with and without naloxone,

respectively. The blank area in the figure marks an infeasible region where δℓ ≥ δh.
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Figure 5 The impact of mortality rate δℓ and δh on the optimal accessibility θ∗ on the basis of D-SAS-M model.

∆=0.005 and χ= 0.0125 for both plots. Other specific parameter values used for each plot are provided

in Table EC.5 in Appendix EC.5.

The effectiveness of naloxone increases with the gap (δh − δℓ): smaller δℓ indicates stronger life-

saving potential, making full accessibility more likely to be optimal in both panels of Figure 5.

The black upward-sloping lines identify (δh, δℓ) pairs for which the neutral effect threshold ∆̄

equals the degree of moral hazard ∆. Combinations below the line correspond to ∆̄ >∆, where

naloxone’s benefits dominate; those above the line indicate ∆̄<∆, where moral hazard outweighs

its advantages.

The left panel represents epidemics primarily driven by prescription-induced addiction (i.e.,

β ≤ β̄). Here, the policy is determined solely by the comparison between ∆̄ and ∆: full accessibility

is optimal when ∆̄>∆, and zero accessibility when ∆̄<∆.
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In contrast, the right panel captures contagion-dominant settings (β > β̄), where social inter-

actions amplify epidemic dynamics. The policy structure becomes richer and may even reverse

relative to the left panel, as accessibility now affects both mortality and transmission. In partic-

ular, Cases 1c and 1e show that full accessibility can remain optimal even when ∆> ∆̄. In such

high-lethality environments, widespread naloxone access reduces overall exposure by accelerating

the removal of individuals with OUD, thereby mitigating contagion effects. This mechanism echoes

the classical virulence–transmissibility trade-off (Kun et al. 2023), in which higher lethality can

limit overall spread. Nevertheless, moral hazard remains a serious individual-level concern, and

our case study in Section 7 indicates that these extreme cases are unlikely under current epidemic

conditions. However, as synthetic opioids become increasingly potent, such scenarios may grow

more relevant, warranting proactive policy review.

Conversely, Cases 2b and 2d demonstrate that zero accessibility may be optimal even when

naloxone provides individual benefits. In these cases, the relative advantage of naloxone’s effective-

ness over the mortality rate without it is marginal (that is, (δh− δℓ) is relatively small). Given the

intensified transmission risk and the potential for moral hazard in these circumstances, the optimal

policy may be to completely restrict naloxone accessibility.

Figure 6 illustrates the optimal naloxone policy under the D-SAS-M model as a function of the

transmission rate β and the onset rate η. The left plot reflects cases where moral hazard ∆ does

not exceed the neutral threshold ∆̄, while the right plot shows the opposite. Each plot includes

five distinct policy regions. When moral hazard is small (left panel), the optimal policy resembles
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Figure 6 The optimal policy structure regarding β and η on the basis of D-SAS-M model. The parameters for

both plots are Λ= 2× 105, γ = 0.002, α= 0.006, δh = 0.75, δℓ = 0.35, χ= 0.002, ∆̄ = 0.0023.

the structure of the D-SAS model in Figure 4. However, when moral hazard is substantial (right
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panel), the policy structure reverses: optimal accessibility is 1 inside the region enclosed by the

solid black curve and 0 outside.

As shown in the right plot, when both β and η are high, optimal accessibility drops to zero. In

this case, elevated social transmission or onset rates increase overdose risk, and expanding naloxone

access amplifies moral hazard, worsening the crisis. Full accessibility remains optimal only when

β is moderate and η is low. Under these conditions, both social transmission and prescription-

induced opioid use remain contained, and the negative consequences brought by moral hazard do

not escalate significantly.

Under Cases d and e in Tables 1 and 2, the D-SAS-M model exhibits a unique inverted U-

shaped relationship between accessibility θ and overdose mortality DD,M , as shown in Figure 7.

This pattern, preserved by the D-SAS-M model, further supports the empirical findings of Packham

(2022) under certain parameter configurations.

Figure 7 also reveals a counterintuitive outcome: stronger moral hazard does not always increase

overdose deaths when social contagion is present. Holding accessibility constant at θ = 0.4 (left)

and θ= 0.6 (right), higher moral hazard is associated with lower overdose mortality. Although this

result may seem surprising from a policy perspective, the model suggests that in some cases, moral

hazard could indirectly reduce long-term mortality by limiting the spread of OUD. An explicit

analysis of this phenomenon is provided in Appendix EC.3.
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Figure 7 The impact of naloxone accessibility θ on overdose mortality on the basis of D-SAS-M model. For each

plot, except for the moral hazard level, the other parameters remain the same, as detailed in Table EC.6

in Appendix EC.5.

7. Case Study

To demonstrate the optimal accessibility policy and its real-world applicability, we conduct a case

study based on data from the U.S. between 2010 and 2019. We begin with the calibration of
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model parameters, followed by the presentation of key findings and a sensitivity analysis. The

section concludes with a prospective analysis exploring the potential emergence of next-generation

ultra-potent synthetic opioids.

7.1. Calibration of Model Parameters

Our SAS family of models focuses on the U.S. population aged 12 years and older to ensure

consistency in the data scope used for parameter calibration. Table 3 first provides a summary of

the estimated parameters in our models.

Table 3 Summary of Estimations.

Value Unit Value Unit Value Unit Value Unit

η 0.001116 1/year ∆ ((D)-SAS-M) 0.000586 1/year γ 0.022 1/year Λ 4,142,545 person/year

α 0.009627 1/year χ ((D)-SAS) 0.003908 1/year β 0.075914 1/year δℓ 0.125 -

δh 0.8925 - χ ((D)-SAS-M) 0.003904 1/year θ 0.05 -

We now describe the estimation details of each parameter. We begin by calibrating the model

based on demographic and opioid-related data from the U.S. To estimate the natural death rate α,

we employ U.S. population data, total mortality data, and opioid overdose deaths, each disaggre-

gated by year and age, obtained from the CDC WONDER database (2010–2019). We describe

the procedure for retrieving these data from CDC WONDER database in Appendix EC.4.1. We

then filter and aggregate these three datasets (population, total mortality, and overdose deaths) to

generate annual time series restricted to individuals aged 12 years and older. We subtract opioid-

related deaths from total deaths to isolate mortality from all other causes and estimate α via

regression (see Appendix EC.4.2), obtaining α= 0.009627. In addition, the average annual popula-

tion of 12-year-old individuals over 2010–2019 is calculated and used as our estimate of the entry

rate, Λ= 4,142,545 persons per year (see Appendix EC.4.2).

We next calibrate the opioid-specific parameters. Based on Rzasa and Galinkin (2018), naloxone

successfully reverses 75% – 100% of overdoses. We conservatively set δℓ = 1− 0.75+1
2

= 0.125. For

individuals without access to naloxone, overdose survival depends on emergency medical services

(EMS). Ornato et al. (2020) report that the risk of death increases by 10% for every minute of

delayed resuscitation. Survey data from Jakubowski et al. (2018) indicate that 43% of respondents

had witnessed at least one overdose, and we optimistically assume all witnesses call EMS. Given

typical EMS response times of 7 – 8 minutes (Johnson et al. 2021), we approximate the death rate

without naloxone as: δh = (1− 0.43)+0.43× 0.7+0.8
2

= 0.8925.

For the recovery rate γ, Luo and Stellato (2024) set the recovery rate at 0.1 for individuals

receiving treatment for OUD. However, only approximately 22% of individuals with OUD receive
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such treatment National Institute on Drug Abuse 2023, Jones et al. 2023). Accordingly, we approx-

imate the overall recovery rate as: γ = 0.1×0.22 = 0.022. For the OUD onset rate η, Battista et al.

(2019) assume an annual opioid prescription rate of 0.15 per person and an OUD induction rate

of 0.00744 among those prescribed. Thus, η= 0.15× 0.00744 = 0.001116.

To estimate the overdose rate χ, we first approximate the overall opioid-related mortality rate,

which is expressed as χ(δh(1− θ)+ δℓθ) in both the SAS and D-SAS models, and as χ(δh(1− θ)+

δℓθ)+∆θδℓ in the SAS-M and D-SAS-M models. To this end, we use time series data on the U.S.

OUD population aged 12 and over from 2010 to 2019 provided by Keyes et al. (2022), combined

with opioid-related mortality data. Based on these datasets, we construct a regression model to

estimate the total opioid-related mortality rate, which is found to be 0.003338 (see Appendix EC.4.2

for details). That is,

χ(δh(1− θ)+ δℓθ) = 0.003338 (7)

in the SAS and D-SAS models or

χ(δh(1− θ)+ δℓθ)+∆θδℓ = 0.003338 (8)

in the SAS-M and D-SAS-M models.

For calibration purposes (i.e., to discipline other parameters before optimizing policy), we set

a baseline access level θcal using observed bystander administration as a proxy for public-channel

accessibility. Ornato et al. (2020) report that fewer than 5% of witnessed overdoses in the U.S.

involved naloxone administration prior to 2020; we therefore take θcal ≈ 0.05 as a conservative base-

line. This maps administration to our definition of θ (the share of individuals with OUD who have

naloxone available at the time of an overdose) by treating administration as a lower bound on pos-

session. Substituting this value into (7), we obtain χ= 0.003338× [0.05× 0.125+0.8925× 0.95]
−1

=

0.003908, which applies to both SAS and D-SAS models. This corresponds to approximately 3,908

overdose events per year per one million individuals with OUD.

Estimating the moral hazard parameter ∆ is particularly challenging (when moral hazard exists),

as behavioral responses to naloxone access are not directly observable. However, empirical studies

offer useful proxies. Difference-in-differences and other quasi-experimental designs exploit variation

in naloxone access laws to assess their effects on opioid-related outcomes (Abouk et al. 2019, Doleac

and Mukherjee 2022, Packham 2022). We use the well-documented increase in opioid-related emer-

gency department (ED) visits following the implementation of naloxone access laws as a proxy for

moral hazard. Both Abouk et al. (2019) and Doleac and Mukherjee (2022) report an approximately

15% rise in opioid-related ED visits after the adoption of such laws. This increase is plausibly linked

to a higher incidence of overdoses resulting from the moral hazard associated with broader naloxone
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availability. Moreover, because the CDC (2024) recommends that patients with OUD who receive

naloxone should still be transferred to the ED, the rise in ED visits could reasonably be interpreted

as reflecting overdose attributable to this moral hazard. We therefore regard the increase in opioid-

related ED visits as a reasonable proxy for assessing the extent of moral hazard. Formally, we set

∆= 0.15χ in the baseline and examine wider ranges in robustness checks in Section 7.2. Substituting

this relation into (8) yields χ= 0.003338× [0.05× 0.125+0.8925× 0.95+0.15× 0.05× 0.125]
−1

=

0.003904, and hence ∆= 0.000586 in the SAS-M and D-SAS-M models. This indicates that in the

OUD population without naloxone access, there are on average about 3,904 overdose events per

one million individuals per year. In contrast, among those with access to naloxone, the annual

number of overdose events is approximately 586 higher per one million individuals, reflecting the

behavioral increase associated with moral hazard. Notice that we do not use the mortality data

reported in Abouk et al. (2019) and Doleac and Mukherjee (2022) to estimate the level of moral

hazard, since their measure is standardized per 100,000 of the general population, whereas in our

models, the mortality rate is restricted to the OUD population.

Finally, we estimate the transmission rate β in the D-SAS-M model using a regression-based

approach, yielding β = 0.075914 (see Appendix EC.4.2 for details). This implies that, on average,

each person in the U.S. has approximately 0.075914 effective contacts per year that could result in

the transmission of OUD (Hethcote 2000). The next section presents the case study findings and

assesses the robustness of the results through sensitivity analysis.

7.2. Case Study Findings

We now present the representative cases for each model, derived from the calibrated parameter

estimates. As summarized in Table 4, full accessibility consistently emerges as the optimal policy

across all models. This finding reinforces the FDA’s recommendation to expand naloxone access

as a central strategy for reducing overdose mortality in the context of the opioid crisis.

Table 4 Representative cases for each model using calibrated parameters.

Model ∆̄−∆ β− β̄ δ̄ δ̄M Corresponding case θ∗

SAS – – – – – 1

SAS-M 0.023384 – – – – 1

D-SAS – 0.043171 6.527727 – Case 1b in Theorem 2 1

D-SAS-M 0.023384 0.043171 6.534415 5.681594 Case 1b in Theorem 3 1

Moreover, the observed difference ∆̄−∆ suggests that the moral hazard effect remains relatively

mild. This indicates that, at present, naloxone’s high efficacy in reversing opioid-induced respiratory

depression continues to outweigh potential compensatory increases in opioid misuse, supporting its
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role as an effective harm reduction measure. In addition, we observe that β− β̄ > 0, which indicate

that incorporating social transmission mechanisms into epidemic models could help capture certain

aspects of the dynamics of opioid addiction.

Sensitivity Analyses. We also examine how varying levels of moral hazard and overdose

rate influence the optimal naloxone accessibility policy in the SAS-M and D-SAS-M models.

The estimates of the overdose rate χ and moral hazard ∆ are jointly constrained to satisfy

χ (δh(1− θ)+ δℓθ) +∆θδℓ = 0.003338. As the overdose rate increases, the estimated moral hazard

decreases, leading to a lower ∆/χ ratio and a higher neutral-effect threshold. Naloxone’s life-

saving effectiveness is meaningfully compromised only when ∆/χ exceeds 6.14, corresponding to

an overdose rate below 0.003740, at which point the optimal policy shifts to zero accessibility

in both models. While no clear empirical evidence currently suggests that moral hazard reaches

such extreme levels, this possibility cannot be entirely excluded, though under present real-world

conditions, full naloxone accessibility likely remains the optimal policy.

7.3. Prospective Analysis: The Potential Emergence of Next-generation
Ultra-potent Synthetic Opioids

We recognize that the continuous evolution of illicit opioids has resulted in increasingly potent and

hazardous substances. As highlighted by the concern expressed in Section 5.1, the progression from

traditional morphine to OxyContin (approximately 1.5 times more potent and widely regarded as

a catalyst of the U.S. opioid crisis), followed by heroin (roughly twice as potent), and now fentanyl

(50–100 times more potent), illustrates a clear pattern: each significant increase in potency has

triggered a new wave of the epidemic, heightening overdose risks and intensifying public health

challenges.

In this section, we further examine whether the FDA should proactively reassess its current pol-

icy of expanding naloxone accessibility, particularly in anticipation of future scenarios where the

crisis may be driven by even more potent synthetic opioids—such as carfentanil (approximately

10,000 times stronger than morphine), ohmefentanyl (averaging 6,300 times more potent, with one

isomer reaching up to 18,000 times (Yong et al. 2003)), or other similarly powerful analogs. These

substances may substantially increase the overdose rate χ and reduce naloxone’s effectiveness, as

reflected by higher δℓ. Additionally, these substances can increase overdose risk by complicating

withdrawal and acute management and by accelerating tolerance, which drives dose escalation.

Clinical guidance and recent studies in the fentanyl era document more complex withdrawal presen-

tations and induction challenges (Weimer et al. 2023, Thakrar et al. 2024), and national guidance

notes that higher opioid dosages are associated with increased overdose risk (CDC 2022, SAMHSA

2025). Evidence on naloxone’s effectiveness against carfentanil is still limited and mixed; animal
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studies report incomplete reversal and prolonged toxicity in some settings despite naloxone admin-

istration (Langston et al. 2020).

Assuming no moral hazard, we retain the parameter estimates from Section 7.1 and focus on how

changes in χ and δℓ influence the optimal policy. In the basic SAS model, it is well established that

as long as naloxone provides even a slight therapeutic benefit, full accessibility remains the optimal

policy. However, the dynamics shift in the D-SAS model. As illustrated in Figure 8, the emergence

of more potent and harmful opioids significantly alters the policy landscape. Notably, when both

the overdose rate and the likelihood of severe withdrawal or increased use are high, the optimal

policy shifts to zero accessibility (upper-right region of Figure 8) for FDA. For instance, if a potent

opioid elevates the overdose rate χ to nine times its original value and raises δℓ to 0.7 (black dot in

Figure 8), the optimal level of accessibility drops to zero. Although we cannot definitively claim that

the upper-right region of Figure 8 precisely reflects future scenarios, it is important to recognize

that fentanyl already presents extreme risks, and the potency of carfentanil and ohmefentanyl

far exceeds that of fentanyl. We therefore recommend that the FDA carefully reassess naloxone

accessibility policies should these more dangerous opioids continue to proliferate.
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Figure 8 Optimal naloxone accessibility under increasingly potent opioids in the D-SAS model. Cases correspond

to those in Theorem 2, with parameters calibrated as in Section 7.1.

When moral hazard is taken into account, the influence of more potent opioids on optimal

policy becomes more nuanced. It is not immediately clear whether such substances would raise or

lower the neutral effect threshold, as this depends on the relative changes in the overdose rate χ

and the mortality rate under naloxone treatment δℓ. In addition, notice that more potent opioids

may exacerbate moral hazard by increasing physiological dependence and reinforcing risky use

patterns. But, in the SAS-M model without interaction terms, the optimal naloxone accessibility
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level remains at 1, provided that the moral hazard level stays below the neutral effect threshold

associated with these stronger substances.

In contrast, for the D-SAS-M model, the optimal accessibility may be completely different. Fig-

ure 9 illustrates how the combination of more potent opioids and moral hazard affects accessibility

decisions. For both plots, the lower regions of the upward-sloping black curve represent scenarios

where the neutral effect threshold exceeds the level of moral hazard, while the upper regions cor-

respond to cases where the moral hazard level surpasses the threshold. Note that, if more potent

opioids substantially reduce the effectiveness of naloxone in reversing overdoses, without causing

a corresponding significant increase in the overdose rate (represented by the upper-left regions

in both plots of Figure 9), the optimal policy shifts to zero accessibility. In such cases, expand-

ing naloxone access may backfire, increasing overdose incidents under conditions of low survival

likelihood.

Interestingly, when a highly potent and easily transmissible synthetic opioid results in both a

significantly elevated overdose rate χ and a higher mortality rate even with naloxone administra-

tion δℓ (corresponding to the upper-right regions in both plots of Figure 9), the optimal policy for

the FDA remains full naloxone accessibility (θ∗ = 1). This finding differs from the result observed in

the D-SAS model, where full accessibility is not always optimal. This is because, in the upper-right

regions where moral hazard exceeds the threshold ∆̄, greater naloxone accessibility may coincide

with higher overall mortality in the OUD population, while reducing the exposure risk for suscep-

tible groups in a socially driven opioid crisis. Therefore, full accessibility emerges as the optimal

policy. Furthermore, we observe that as the level of moral hazard increases, the upper-right and

upper-left regions expand, indicating that moral hazard has an increasingly pronounced effect on

the structure of the optimal policy.

These findings together suggest that, in the presence of significant moral hazard and more lethal

synthetic opioids, the FDA may need to revisit and reassess naloxone accessibility policies with

heightened caution.

8. Conclusions and Future Directions

This paper examines a central public health question: how expanded naloxone accessibility affects

the opioid epidemic, particularly overdose mortality. While some studies suggest that broader access

may worsen outcomes through moral hazard, others highlight its life-saving role. To reconcile these

perspectives, we develop an analytical framework that identifies optimal naloxone accessibility

policies under varying epidemic conditions.
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Figure 9 Optimal naloxone accessibility under increasingly potent opioids in the D-SAS-M model. Cases corre-

spond to those in Theorem 3, with parameters given in Section 7.1.

Summary of Optimal Naloxone Accessibility Across Models. We propose four progressively richer

models that capture the key epidemiological and behavioral mechanisms of the opioid crisis and

characterize how the structure of the optimal accessibility policy evolves:

• SAS Model (Baseline):Without moral hazard or social contagion, full accessibility is always

optimal.

• SAS-M Model (Incorporating Moral Hazard): Introducing moral hazard yields a bang-

bang policy. Full accessibility is optimal when the behavioral response to naloxone (∆) remains

below a critical threshold; otherwise, restricted access is preferable.

• D-SAS Model (Adding Social Contagion): Peer-driven opioid misuse introduces addi-

tional complexity. Full accessibility remains optimal when transmission rates are low or naloxone

is highly effective, but limited accessibility can better mitigate mortality under certain conditions.

• D-SAS-M Model (Moral Hazard and Social Contagion Combined): The most com-

prehensive model retains the bang-bang structure, with optimal accessibility determined by the

interaction between moral hazard, contagion dynamics, and naloxone effectiveness. Detailed con-

ditions are summarized in Tables 1 and 2.

Policy Implications. Our analysis offers structured guidance for designing naloxone distribution

policies that balance life-saving benefits against behavioral risks. The policy thresholds derived

from our models link empirical estimates of naloxone effectiveness and behavioral response to

recommended access levels, providing policymakers with a transparent and adaptable decision-

support tool.

While full accessibility is often optimal—particularly in prescription-driven epidemics—emerging

dynamics such as social contagion or the rise of ultra-potent opioids like carfentanil may shift this
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conclusion. The relationship between accessibility and overdose mortality can be non-monotonic,

with moderate expansions initially worsening outcomes before improving them at higher access

levels.

A calibrated U.S. case study illustrates the framework’s practical relevance: under current con-

ditions, full accessibility remains optimal, aligning with existing regulatory policy. However, this

result depends on epidemic parameters, which may evolve with changing potency or transmission

intensity, necessitating ongoing policy reassessment.

Bang–bang accessibility. Our results show a bang–bang policy, that is, the optimal naloxone acces-

sibility lies at one of the two extremes—either full or none—rather than at an intermediate level.

This structure emerges in our models because accessibility simultaneously affects both life-saving

and risk-inducing mechanisms, creating opposing forces that lead the optimal policy to settle at

an endpoint under the modeled assumptions. A binary recommendation is operationally useful in

health policy: it is simple to communicate, implement, and audit, and it matches the yes/no nature

of core access levers (e.g., OTC status, statewide standing orders, publicly funded distribution).

In practice, sustaining “partial” access (such as quotas or loosely targeted dispensing) is harder to

administer at scale and prone to drift.

However, bang–bang outcomes also have limitations. While the structure is robust across a

broad range of parameters, boundary cases—where the system lies near the switching threshold

between full and zero accessibility—require careful and accurate estimation of key parameters,

such as behavioral responses or naloxone effectiveness. In these situations, small changes in the

underlying conditions could shift the optimal recommendation, underscoring the importance of

precise empirical calibration and continuous monitoring as epidemic dynamics evolve.

Recall that even when the model recommends limited public accessibility (θ = 0), nalox-

one remains available through medical channels, ensuring clinical use under professional judg-

ment. Real-world policies must therefore integrate naloxone access with complementary interven-

tions—such as prevention, treatment expansion, and controlled prescribing—to address the crisis

holistically.

Future Research Directions. Several extensions can further enhance the policy relevance and real-

ism of our framework. First, while our analysis focuses on steady-state outcomes, policymakers often

face short-term versus long-term trade-offs. For instance, during overdose surges, reducing imme-

diate mortality may take precedence even if riskier behaviors raise future prevalence. Extending

the model to finite-horizon or time-varying policies would allow optimization of cumulative deaths

over the next several months under practical constraints (budget, staffing, distribution capacity)

and enable comparison with the steady-state recommendation. This lets us test rules that switch

to expanded naloxone access when overdoses surge, focus temporary increases on high-risk settings
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(e.g., paramedic “leave-behind” naloxone kits or on-site distribution in shelters), and then taper

back once indicators improve. A rolling-horizon optimization approach can re-optimize access as

overdose rates, potency signals, or response times evolve, explicitly trading off short-run mortality

reduction against longer-run prevention.

Second, cost-benefit analyses that integrate both epidemiological outcomes and operational real-

ities are essential. For example, recent efforts to deploy naloxone vending machines in Oklahoma

were curtailed due to high costs and logistical challenges (2 News Oklahoma 2024). Future work

should incorporate such economic and operational factors to inform sustainable, context-specific

naloxone policies.

Finally, the calibrated results in the case study suggest that social transmission mechanisms play

a critical role in shaping the dynamics of the opioid epidemic. Our simplified models highlight these

mechanisms and yield transparent, threshold-based policy rules. Building on this foundation, future

research should integrate detailed social network data and empirical evidence to better capture

interaction-driven dynamics, especially as the COVID-19 pandemic has amplified the role of social

channels in opioid misuse.
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Gökçınar, A., M. Çakanyıldırım, T. Price, M. Adams. 2022. Balanced opioid prescribing via a clinical trade-

off: Pain relief vs. adverse effects of discomfort, dependence, and tolerance/hypersensitivity. Decision

Analysis, 19 (4), 297-318.

Greene, J. 2018. Naloxone “moral hazard” debate pits economists against physicians. Annals of Emergency

Medicine, 72 (2), A13-A16.

Haley, D.F., R. Saitz. 2020. The opioid epidemic during the COVID-19 pandemic. JAMA, 324 (16),

1615-1617.

Hardin, J., J. Seltzer, H. Galust, A. Deguzman, I. Campbell, N. Friedman, G. Wardi, R.F. Clark, D. Lasoff.

2024. Emergency department take-home naloxone improves access compared with pharmacy-dispensed

naloxone. The Journal of Emergency Medicine, 66 (4), e457-e462.

Hethcote, H. 2000. The mathematics of infectious diseases. SIAM Review , 42 (4), 599-653.

Houser, R. 2023. Expanding access to naloxone: A necessary step to curb the opioid epidemic. Disaster

Medicine and Public Health Preparedness, 17 e245.

Huang, G., A. Liu. 2013. A note on global stability for a heroin epidemic model with distributed delay.

Applied Mathematics Letters, 26 (7), 687-691.

Jakubowski, A., H. Kunins, Z. Huxley-Reicher, A. Siegler. 2018. Knowledge of the 911 good samaritan law

and 911-calling behavior of overdose witnesses. Substance Abuse, 39 (2), 233-238.

Jawa, R., S. Murray, M. Tori, J. Bratberg, A. Walley. 2022. Federal policymakers should urgently and greatly

expand naloxone access. American Journal of Public Health, 112 (4), 558-561.

Johnson, A., C. Cunningham, E. Arnold, W. Rosamond, J. Zègre-Hemsey. 2021. Impact of using drones in
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E-Companion: Expanding Naloxone Accessibility: A Lifesaver
or a Risky Setback?

EC.1. Analysis of the D-SAS Model with Mass-Action Incidence
βS(t)A(t)

The dynamics of the D-SAS model under mass action incidence, represented by the term βS(t)A(t), are

governed by the following system of differential equations:
Ṡ(t) = Λ− (α+ η)S(t)−βS(t)A(t)+ γA(t),

Ȧ(t) = ηS(t)+βS(t)A(t)−χθδℓA(t)−χ(1− θ)δhA(t)−αA(t)− γA(t),

S(t)≥ 0, A(t)≥ 0.

(EC.1.1)

Let ρ = α(α + γ + η) − βΛ + χ(α + η) (θδℓ +(1− θ)δh). The only feasible equilibrium point of sys-

tem (EC.1.1) is given by:

(Sm,∗
D ,Am,∗

D ) =

(
ρ+2βΛ−

√
4βηΛ(α+χ(θδℓ +(1− θ)δh))+ ρ2

2αβ
,

√
4βηΛ(α+χ(θδℓ +(1− θ)δh))+ ρ2 − ρ

2β(α+χ(θδℓ +(1− θ)δh))

)
.

Given this equilibrium, our goal is to minimize the expected number of overdoses through an optimal

accessibility policy:

min
θ∈[0,1]

Dm
D (θ) := χ (θδℓ +(1− θ)δh)A

m,∗
D . (EC.1.2)

To analyze this objective, we define the following expressions:

Uh = α2 −βΛ+

√
(α(α+ γ+ η)−βΛ+χ(α+ η)δh)

2
+4βηΛ(α+χδh)+α(γ+ η),

Vh = χδh

 βΛ(η−α)+α(α+ η)(α+ γ+ η)+χ(α+ η)2δh√
(α(α+ γ+ η)−βΛ+χ(α+ η)δh)

2
+4βηΛ(α+χδh)

 ,

Uℓ = α2 −βΛ+

√
(α(α+ γ+ η)−βΛ+χ(α+ η)δℓ)

2
+4βηΛ(α+χδℓ)+α(γ+ η),

Vℓ = χδℓ

 βΛ(η−α)+α(α+ η)(α+ γ+ η)+χ(α+ η)2δℓ√
(α(α+ γ+ η)−βΛ+χ(α+ η)δℓ)

2
+4βηΛ(α+χδℓ)

 .

Theorem EC.1.1 (Optimal Accessibility under Mass Action Incidence). The solution to prob-

lem (EC.1.2) follows the structure below:

1. Full accessibility (θ= 1) is optimal if any of the following holds:

a. βΛ≤ γ(α+ η);

b. βΛ>γ(α+ η) and Vh ≤Uh;

c. βΛ>γ(α+ η), Vh > Uh, Vℓ < Uℓ, and Dm
D (θ= 1)<Dm

D (θ= 0).

2. No accessibility (θ= 0) is optimal if any of the following holds:

a. βΛ>γ(α+ η) and Vℓ ≥Uℓ;

b. βΛ>γ(α+ η), Vh > Uh, Vℓ < Uℓ, and Dm
D (θ= 0)≤Dm

D (θ= 1).

While the specific conditions differ slightly from those in Theorem 2 under standard incidence

βS(t)A(t)/N(t), the overall structure of the solution and the key insights remain consistent.
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EC.2. Equilibrium of the D-SAS and D-SAS-M Models

Let Ω =
√
ζ, where ζ = (α− β + γ + η + χ(1− θ)δh + χθδℓ)

2 + 4βη > 0. There are two sets of solutions for

equations 
Λ− (α+ η)S∗

D −β
S∗

DA
∗
D

S∗
D +A∗

D

+ γA∗
D = 0,

ηS∗
D +β

S∗
DA

∗
D

S∗
D +A∗

D

− (α+ γ+χθδℓ +χ(1− θ)δh)A
∗
D = 0,

including

S∗
D,1 =

αΛ(α+β+ γ+ η−Ω)−Λχ ((θ− 1)δh − θδℓ) (β− γ+ η+(θ− 1)χδh −Ω− θχδℓ)

2 (α2β+χ ((θ− 1)δh − θδℓ) (α(α−β+ γ+ η)+χ(α+ η) (θδℓ − (θ− 1)δh)))
,

A∗
D,1 =

2ηΛ

−(θ− 1)χ(α+2η)δh +α (α−β+ γ+ η+Ω)+ θχ(α+2η)δℓ
;

S∗
D,2 =

Λ(α (α+β+ γ+ η+Ω)−χ ((θ− 1)δh − θδℓ) (β− γ+ η+(θ− 1)χδh +Ω− θχδℓ))

2 (α2β+χ ((θ− 1)δh − θδℓ) (α(α−β+ γ+ η)+χ(α+ η) (θδℓ − (θ− 1)δh)))
,

A∗
D,2 =

2ηΛ

−(θ− 1)χ(α+2η)δh +α (α−β+ γ+ η−Ω)+ θχ(α+2η)δℓ
.

Notice that

S∗
D,2

A∗
D,2

=
α−β+ γ− η+ δh(χ− θχ)−Ω+ θχδℓ

2η
< 0 and

S∗
D,1

A∗
D,1

=
α−β+ γ− η+ δh(χ− θχ)+Ω+ θχδℓ

2η
> 0

because of (α−β+ γ+ η− θχδh +χδh + θχδℓ)
2 − ζ = −4βη < 0. Given that S∗

D,2 and A∗
D,2 have opposite

signs, that pair cannot represent a biologically valid equilibrium. On the other hand, it is easy to see that

A∗
D,1 > 0, and thus S∗

D,1 > 0 due to
S∗
D,1

A∗
D,1

> 0. Hence, the only admissible equilibrium for D-SAS model is(
S∗

D,A
∗
D

)
=
(
S∗

D,1,A
∗
D,1

)
.

Let ΩM =
√
ζM , where ζM = (α − β + γ + η + χ(1 − θ)δh + (χ +∆)θδℓ)

2 + 4βη > 0. Similarly, the only

admissible equilibrium for D-SAS-M model is

S∗
D,M =

αΛ(α+β+ γ+ η−ΩM)+Λ((θ− 1)χδh − θ(∆+χ)δℓ) (−β+ γ− η+ δh(χ− θχ)+ΩM + θ(∆+χ)δℓ)

2 (α2β+((θ− 1)χδh − θ(∆+χ)δℓ) (α(α−β+ γ+ η)+ (α+ η) (δh(χ− θχ)+ θ(∆+χ)δℓ)))
,

A∗
D,M =

2ηΛ

−(θ− 1)χ(α+2η)δh +α (α−β+ γ+ η+ΩM)+ θ(α+2η)(∆+χ)δℓ
.

EC.3. The Impact of Moral Hazard on Overdose Mortality

We define

T1 = (θ− 1)χδh + T2 − θχδℓ,

T2 =
√
(α−β+ γ+ η+χ(1− θ)δh +χθδℓ)2 +4βη,

∆∗ =
2η(α+β+ γ)+ (α−β+ γ)2 + η2 − 2χ(α−β+ γ+ η) ((θ− 1)δh − θδℓ)

2θδℓ(β−α− γ− η)
.

Proposition EC.3.1 (The Impact of Moral Hazard on Overdose Mortality). For a fixed acces-

sibility θ, we have:

Case 1. When β ≤ β̄, D′
D,M(∆)> 0.

Case 2. When β > β̄,

a. When T1 ≤ 0, D′
D,M(∆)< 0;

b. When T1 > 0, D′
D,M(∆)> 0 when 0<∆≤∆∗ and D′

D,M(∆)< 0 when ∆>∆∗.
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Proposition EC.3.1 clearly demonstrates that moral hazard could decrease overdose mortality. Although

moral hazard is typically viewed as harmful because it encourages riskier opioid use. However, in some cases,

the resulting increase in overdose deaths may disrupt OUD transmission, ultimately reducing its long-term

prevalence and fatalities.

EC.4. Parameter Estimations
EC.4.1. Data Collection

We use the CDC WONDER database to obtain mortality data. To identify deaths attributable to opi-

oid overdoses, we group the data by Year and Single-Year Ages. For Underlying Cause of Death, we

first select UCD - Drug/Alcohol Induced Causes, and then specify codes X40-X44, X60-X64, X85, and

Y10-Y14, which correspond to drug overdose deaths. Within Multiple Cause of Death category, we fur-

ther select codes T40.0 (Opium), T40.1 (Heroin), T40.2 (Other opioids), T40.3 (Methadone), T40.4

(Other synthetic narcotics), and T40.6 (Other and unspecified narcotics) (Doleac and Mukher-

jee 2022) under MCD - ICD-10 Codes, which specifically identify overdose deaths involving opioids. This

approach enables us to extract the number of opioid overdose deaths by age for each year, thereby allowing

us to quantify annual opioid overdose mortality among individuals aged 12 and older in the U.S. from 2010

to 2019.

We also use the CDC WONDER database to obtain age-specific all-cause mortality data in the U.S.

from 2010 to 2019. After grouping the data by Year and Single-Year Ages, we select All Causes of

Death under UCD - ICD-10 Codes in Underlying Cause of Death category to extract the corresponding

mortality counts. The database also returns a Population column, which records the total U.S. population

by age for each year. Using this column, we calculate the total population N(t) aged 12 years and older from

2010 to 2019.

Given the inherent challenges in directly observing and statistically quantifying A(t), Keyes et al. (2022)

use three multiplier approaches to estimate the prevalence of OUD among individuals aged 12 and older

in the U.S. from 2010 to 2019, aiming to address potential underestimation of its true magnitude. In our

study, we take the mortality-based multiplier adjustment they describe (the second multiplier adjustment

in Keyes et al. (2022)) as the benchmark estimate for A(t), as it relies on comprehensive national vital

statistics and thus offers an objective and consistent data source. This method may also help mitigate some

of the underreporting biases inherent in survey data, making it a reasonable comparator. Moreover, Keyes et

al. (2022) suggest that the mortality-based multiplier adjustment could be viewed as providing a potential

upper bound for the estimate of A(t), thereby indicating the more severe potential trajectory of the opioid

crisis and helping ensure that decision-makers remain aware of the associated risks. We also report sensitivity

analyses for two additional multiplier approaches in Appendix EC.4.4.

The sequence S(t) is subsequently obtained by subtracting the estimated OUD population A(t) from the

total U.S. population aged 12 and over for each corresponding year. Prior to estimating model parameters,

we apply Gaussian kernel smoothing to all time series data to reduce potential noise and improve estimation

accuracy.

For notational convenience, we define t0 = 2010, t1 = 2011, · · ·, tT = 2019, and introduce the time index

set TT := {t0, t1, . . . , tT} (T = 9).
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EC.4.2. Estimations

Estimation of inflow rate Λ. We consider individuals who reach the age of 12 in each year as the inflow

entering the system. Based on the data collected from CDC WONDER in Appendix EC.4.1, we calculate

that the average number of individuals turning 12 years old annually between 2010 and 2019 is 4,142,545.

Accordingly, we estimate the entry rate as Λ= 4,142,545 persons/year.

Estimation of natual death rate α. Let Dα(t) and D(t) denote the number of deaths unrelated and

related to opioid overdose, respectively. Then we have Dα(t) = Total Deaths in Year t−D(t) for the SAS

family of models. Next, we have a regression function:

Dα(t) = α(S(t)+A(t)) = αN(t),

where N(t) is the total population in the U.S. in year t. By the least squares method, the corresponding loss

function is

min
α

L(α) =
∑
t∈TT

(Dα(t)−αN(t))
2
. (EC.4.3)

By solving problem (EC.4.3), we obtain α= 0.009627.

Estimation of overall mortality rate regarding opioid overdose. In the SAS and D-SAS models, the

overall mortality rate due to opioid overdose, given by χ(1− θ)δh +χθδℓ, can be denoted as ϕ. In the SAS-

M and D-SAS-M models, the overall mortality rate, accounting for the effect of moral hazard, is given by

χ(1− θ)δh +χθδℓ +∆θδℓ, and is likewise denoted by ϕ. Thus, the regression function

D(t) = ϕA(t)

holds for all SAS family of models. By the least squares method, the corresponding loss function is

min
α

L(ϕ) =
∑
t∈TT

(D(t)−ϕA(t))
2
. (EC.4.4)

By solving problem (EC.4.4), we obtain ϕ= 0.003338.

Estimation of tranmission rate β. By rearranging the discrete version of the D-SAS and D-SAS-M

models, we have: 
Λ−αS(t)+ γA(t)−S(t+1)+S(t)− ηS(t) = β

S(t)A(t)

N(t)
,

A(t+1)−A(t)+ (α+ γ+ϕ)A(t)− ηS(t) = β
S(t)A(t)

N(t)
.

Let

Y1(t) = Λ−αS(t)+ γA(t)−S(t+1)+S(t)− ηS(t),

Y2(t) =A(t+1)−A(t)+ (α+ γ+ϕ)A(t)− ηS(t),

X(t) =
S(t)A(t)

N(t)
.

By the least squares method, the corresponding loss function is

min
β

L(β) =
∑

t∈TT−1

∑
i=1,2

(Yi(t)−βX(t))2. (EC.4.5)

Notice that the time set in problem (EC.4.5) is TT−1 instead of TT because applying a first-order difference to

a time series results in the loss of one observation. Then, by solving problem (EC.4.5), we obtain β = 0.075914.

Note that in our linear estimations of parameters α, ϕ, and β, the associated p-values are all below 0.05,

indicating that these estimates are statistically significant and valid.



ec5

EC.4.3. Model Validation

After calibrating all the parameters, we assess the goodness of fit for the SAS family of models by substituting

the calibrated values into the system and regenerating the trajectories of S(t), A(t), and D(t). Table EC.1

below reports the mean absolute percentage error (MAPE) between the model-generated trajectories and

the corresponding training data for S(t), A(t), and D(t). Figure EC.4.1 presents the trajectories of S(t),

A(t), and D(t) obtained from the model, along with the corresponding time-series data used for parameter

estimation.

Table EC.1 MAPE results for the SAS family of models.

S(t) A(t) D(t)

SAS and SAS-M models 0.005679 0.209629 0.231883

D-SAS and D-SAS-M models 0.005445 0.041470 0.093064
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2.56
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×108

Train data
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1.3
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t)

×107

Train data
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Year

2.5
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D

(t)

×104

Train data
SAS-(M)
D-SAS-(M)

Figure EC.4.1 Trajectories of S(t), A(t), and D(t) obtained from the models with the time-series data used for

parameter estimation.

Table EC.1 shows that the D-SAS-(M) models yield consistently small MAPE values, suggesting that

this framework effectively captures the dynamics of the U.S. opioid crisis. In contrast, the SAS-(M) models

without social transmission exhibit relatively large MAPE values for A(t) and D(t). Figure EC.4.1 also

provides a clear visual indication that incorporating social contagion improves the models’ goodness of fit.

This discrepancy arises because the training data for A(t) show rapid growth that the linear SAS models

cannot adequately track, thus further amplifying the error in D(t) under a fixed overall mortality rate (see

the right plot in Figure EC.4.1). In contrast, the D-SAS-(M) models with interaction terms enable A(t) to

exhibit rapid nonlinear growth, which allows the model-generated trajectory of D(t) to achieve a closer fit

to the training data under a fixed overall mortality rate.
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EC.4.4. Sensitivity Analyses

Keyes et al. (2022) suggests three multiplier approaches to estimate the prevalence of OUD. In addition to

the mortality-based multiplier adjustment we used in Section EC.4.1, in this section, we further examine the

two other time series of A(t) reported in Keyes et al. (2022): one based on survey data (the first adjustment

in Keyes et al. 2022) and one derived from mortality data with multiplier correction (the third adjustment

in Keyes et al. 2022).

Table EC.2 reports the estimates of α, β, and χ under the two alternative specifications of A(t). In both

adjustments, α exceeds β, suggesting that social contagion contributed only modestly to opioid addiction dur-

ing 2010–2019, in contrast to the conclusion from our benchmark model. This discrepancy can be explained

by the markedly different dynamics of A(t) across the benchmark and adjusted series. In the benchmark,

A(t) shows a largely monotonic upward trajectory (see the blue line in the middle panel of Figure EC.4.1),

while in the two adjustments, it first increases and then decreases. Such a pattern offers limited flexibility

for identifying the fixed OUD transmission rate β and therefore tends to reduce its estimated magnitude.

Although the estimated β is relatively small, we believe that the risk of OUD driven by social interactions

should not be overlooked, especially considering that the COVID-19 pandemic appears to have amplified the

impact of this channel of addiction (Janssen et al. 2023). Finally, since the moral hazard ∆ remains below

the threshold ∆̄ under both adjustments (see the last column of Table EC.2), the optimal accessibility of

naloxone is consistently 1 across all four models.

Table EC.2 Some estimates under additional two adjustments of A(t).

α β χ ((D)-SAS) χ ((D)-SAS-M) ∆̄−∆ ((D)-SAS-M)

Survey data, multiplier 0.009627 0.002602 0.004097 0.004092 0.024512

Mortality data, multiplier with correction 0.009627 0.007509 0.005621 0.005615 0.033633

Table EC.3 reports the MAPE values between the model-generated trajectories and the corresponding

training data for S(t), A(t), and D(t) under the two alternative specifications of A(t). We observe that, in

Table EC.3, the MAPE values for S(t) and A(t) are relatively small, whereas the MAPE values for D(t) are

substantially larger. This limitation likely reflects the difficulty of our fixed-coefficient models in capturing

the successive waves of the opioid epidemic between 2010 and 2019. As noted by Keyes et al. (2022) and

Mattson (2022), 2015 marked a critical inflection point characterized by the rapid escalation of synthetic

opioid abuse—a dynamic not captured in our framework. As a result, the models may underestimate opioid

overdose deaths in back-testing and thus increase the errors. We leave the development of a dynamic model

with time-varying coefficients, better suited to capturing structural shifts, for future research.

EC.5. Parameters used in Numerical Examples

Please see Table EC.4, Table EC.5 and Table EC.6.
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Table EC.3 MAPE results under additional two adjustments of A(t).

S(t) A(t) D(t)

Survey data, multiplier
SAS and SAS-M models 0.004522 0.032701 0.257574

D-SAS and D-SAS-M models 0.004787 0.031967 0.254297

Mortality data, multiplier with correction
SAS and SAS-M models 0.004406 0.022509 0.233969

D-SAS and D-SAS-M models 0.004976 0.023721 0.224055

Table EC.4 Parameter values used in Figure 3: η= 0.001, γ = 0.01, χ= 0.02, α= 0.006, β = 0.025, and

Λ= 200,000.

δh δℓ δ̄ β− β̄

Left plot 0.90 0.10 0.5125 0.008

Right plot 0.80 0.38 0.5125 0.008

Table EC.5 Parameter values used in Figure 5: η= 0.0003, γ = 0.016, α= 0.006, and Λ= 200,000.

β β− β̄

Left plot 0.025 0.0027

Right plot Less than β̄ = 0.0223 suffices < 0

Table EC.6 Parameter values used in Figure 7: η= 0.001, γ = 0.001, α= 0.006, β = 0.025, and Λ= 200,000.

δh δℓ χ δ̄ δ̄M ∆̄

Left plot (Case 1d) 0.85 0.15 0.0250 0.457647 0.440045 0.116667

Left plot (Case 2d) 0.85 0.15 0.0250 0.457647 0.286029 0.116667

Right plot (Case 2e) 0.55 0.40 0.0125 0.915294 0.269204 0.004688

Right plot (Case 1e) 0.55 0.40 0.0125 0.915294 0.226558 0.004688

EC.6. Proofs of Theoretical Results

Proof of Proposition 1. Recall that the steady-state mortality is given by

D(θ) =
ηΛ[(1− θ)χδh + θχδℓ]

α(α+ γ+ η)+χ(α+ η) [θδℓ − (θ− 1)δh]
.

Differentiating with respect to θ, we obtain

D′(θ) =− αηΛχ(α+ γ+ η)(δh − δℓ)

[α(α+ γ+ η)− (θ− 1)χ(α+ η)δh + θχ(α+ η)δℓ]
2 < 0,

since δh > δℓ.

Thus, the mortality function D(θ) is strictly decreasing in θ, and the minimum is attained at θ∗ = 1.

Q.E.D.

Proof of Theorem 1. Recall that

DM(θ) =
ηΛ((1− θ)χδh + θ(∆+χ)δℓ)

α(α+ γ+ η)+ (α+ η) (δh(χ− θχ)+ θ(∆+χ)δℓ)
.
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Then, we have

D′
M(θ) =− αηΛ(α+ γ+ η) (χδh − (∆+χ)δℓ)

(α(α+ γ+ η)− (θ− 1)χ(α+ η)δh + θ(α+ η)(∆+χ)δℓ) 2
,

where the sign of D′
M(θ) depends on the sign of χδh − (∆ + χ)δℓ. When ∆ < ∆̄ = χ(δh−δℓ)

δℓ
, we have

(χδh − (∆+χ)δℓ)> 0 and thus θ∗ = 1. When ∆> ∆̄, however, we get that (χδh − (∆+χ)δℓ)< 0 and thus

θ∗ = 0. In particular, when ∆ = ∆̄, D′
M(θ) = 0 and, therefore, any accessibility is optimal. For clarity and

consistency, we directly set θ∗ = 0 in this case. Q.E.D.

Proof of Theorem 2. Recall that

A∗
D =

2ηΛ

−(θ− 1)χ(α+2η)δh +α
(
β̄−β+Ω

)
+ θχ(α+2η)δℓ

,

where

Ω=
√

2η(α+β+ γ)+ (α−β+ γ)2 + η2 −χ ((θ− 1)δh − θδℓ)
(
2(β̄−β)+ δh(χ− θχ)+ θχδℓ

)
.

Then, we have

DD(θ) =
((1− θ)χδh + θχδℓ)2ηΛ

−(θ− 1)χ(α+2η)δh +α
(
β̄−β+Ω

)
+ θχ(α+2η)δℓ

,

and

D′
D(θ) =

P (θ)

Ω
(
−(θ− 1)χ(α+2η)δh +α

(
β̄−β+Ω

)
+ θχ(α+2η)δℓ

)
2
,

where P (θ) =−2αηΛχ (δh − δℓ) (θχδh −χδh +Ω− θχδℓ)
(
β̄−β− θχδh +χδh +Ω+ θχδℓ

)
.

Next, we focus our attention on the derivative of P (θ):

P ′(θ) =
2αηΛχ2 (δh − δℓ)

2(β̄−β)
(
β̄−β− θχδh +χδh +Ω+ θχδℓ

)
Ω

.

Note that the term
(
β̄−β− θχδh +χδh +Ω+ θχδℓ

)
in the numerator in P ′(θ) is strictly positive since

Ω2 − (β̄−β− θχδh +χδh + θχδℓ)
2 = 4βη > 0.

Thus, the sign of P ′(θ) only depends on the sign of (β̄−β). We, therefore, consider the following three cases:

Case 1: If β < β̄ = α+ γ+ η, P (θ) monotonically increases.

Case 2: If β = β̄, P (θ) is a constant.

Case 3: If β > β̄, P (θ) monotonically decreases.

From the above three cases, we know that D′

D(θ) = 0 has at most one solution when β ̸= β̄.

Next, we analyze each of the above cases separately.

Case 1. When β < β̄, then P ′(θ)> 0 and P (θ) is increasing. Note that

P (θ= 1) = 2αηΛχ (δh − δℓ)Y1Y2,

where

Y1 =

(
χδℓ −

√
2η(α+β+ γ)+ (α−β+ γ)2 + η2 +χδℓ

(
2(β̄−β)+χδℓ

))
,

Y2 =

(
β̄−β+

√
2η(α+β+ γ)+ (α−β+ γ)2 + η2 +χδℓ

(
2(β̄−β)+χδℓ

)
+χδℓ

)
.

It is easy to see that when β < β̄, then Y1 < 0. Additionally, because(
2η(α+β+ γ)+ (α−β+ γ)2 + η2 +χδℓ

(
2(β̄−β)+χδℓ

))
−
(
β̄−β+χδℓ

)
2 = 4βη > 0,

we have Y2 > 0. Therefore, P (θ = 1) < 0 and thus P (θ) < 0 for θ ∈ [0,1]. Thus, DD(θ) is decreasing and

thereby, θ∗ = 1.
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Case 2. When β = β̄, then P (θ) can be simplified to −8αη2Λχβ̄ (δh − δℓ)< 0. In this case, D′
D(θ)< 0 and

thus DD(θ) is decreasing and θ∗ = 1.

Case 3. When β > β̄, then P ′(θ)< 0 and thus P (θ) is decreasing. Note that in this case,

P (θ= 0) = 2αηΛχ (δh − δℓ)X1X2,

where

X1 =

(
χδh −

√
2η(α+β+ γ)+ (α−β+ γ)2 + η2 +χδh

(
2(β̄−β)+χδh

))
,

X2 =

(
β̄−β+

√
2η(α+β+ γ)+ (α−β+ γ)2 + η2 +χδh

(
2(β̄−β)+χδh

)
+χδh

)
.

(EC.6.6)

Importantly, even when β > β̄, then X2,Y2 ≥ 0 , because(
2η(α+β+ γ)+ (α−β+ γ)2 + η2 +χδh

(
2(β̄−β)+χδh

))
−
(
β̄−β+χδh

)
2 = 4βη > 0;(

2η(α+β+ γ)+ (α−β+ γ)2 + η2 +χδℓ
(
2(β̄−β)+χδℓ

))
−
(
β̄−β+χδℓ

)
2 = 4βη > 0.

Now there could be three cases:

Case 3.1. When P (θ= 0)< 0 (i.e., X1 < 0⇔ (β̄−β)2 +4βη+2χδh(β̄−β)> 0⇔ δh < δ̄), then DD(θ) is

decreasing and thus θ∗ = 1.

Case 3.2. When P (θ= 0)> 0 and P (θ= 1)< 0 (i.e., X1 > 0 and Y1 < 0⇔ (β̄−β)2+4βη+2χδh(β̄−β)<

0 and (β̄ − β)2 + 4βη + 2χδℓ(β̄ − β) > 0 ⇔ δℓ < δ̄ < δh), D(θ) first increases and then decreases over the

interval [0,1]. Thus, θ∗ = argminθ∈{0,1}DD(θ) considering that the optimal solution can only exist at the

extreme values. Note that when DD,M(θ= 0) =DD,M(θ= 1), we set θ∗ = 0 for convenience.

Case 3.3. When P (θ = 1) > 0 (i.e., Y1 > 0 ⇔ (β̄ − β)2 + 4βη + 2χδℓ(β̄ − β) < 0 ⇔ δℓ > δ̄), DD(θ) is

increasing and thus θ∗ = 0.

Collecting the conditions under which θ∗ = 1 and θ∗ = 0 yields the desired characterization as stated.

Q.E.D.

Proof of Theorem 3. We begin by examining the special case where ∆= ∆̄. In this case, the D-SAS-M

model becomes independent of the accessibility level θ, as the life-saving benefits of naloxone exactly offset

the negative impact of moral hazard. The optimal solution is therefore not unique and may lie anywhere in

the interval [0,1]. For consistency with the rest of the analysis, we adopt zero accessibility as the default

choice.

We now proceed under the assumption that ∆ ̸= ∆̄. Recall that

A∗
D,M =

2ηΛ

−(θ− 1)χ(α+2η)δh +α
(
β̄−β+ΩM

)
+ θ(α+2η)(∆+χ)δℓ

,

where

ΩM =
√

(β̄−β+χ(1− θ)δh +(χ+∆)θδℓ)2 +4βη.

Then, we have

DD,M(θ) =
2ηΛ((1− θ)χδh + θ(∆+χ)δℓ)

−(θ− 1)χ(α+2η)δh +α
(
β̄−β+ΩM

)
+ θ(α+2η)(∆+χ)δℓ

, (EC.6.7)
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and

D′
D,M(θ) =

Q(θ)

ΩM

(
−(θ− 1)χ(α+2η)δh +α

(
β̄−β+ΩM

)
+ θ(α+2η)(∆+χ)δℓ

)
2
,

where

Q(θ) =−2αηΛ(χδh − (∆+χ)δℓ) ((θ− 1)χδh +ΩM − θ(∆+χ)δℓ)
(
β̄−β+ δh(χ− θχ)+ΩM + θ(∆+χ)δℓ

)
.

Therefore,

Q′(θ) =
2αηΛ(β̄−β) (χδh − (∆+χ)δℓ)

2
(
β̄−β+ δh(χ− θχ)+ΩM + θ(∆+χ)δℓ

)
ΩM

,

Q(θ= 0) = 2αηΛ(χδh − (∆+χ)δℓ)X1X2,

Q(θ= 1) = 2αηΛ(χδh − (∆+χ)δℓ)Y1,MY2,M ,

where X1 and X2 are defined in (EC.6.6) as well as

Y1,M =

(
−
√
2η(α+β+ γ)+ (α−β+ γ)2 + η2 +(∆+χ)δℓ

(
2(β̄−β)+ (∆+χ)δℓ

)
+(∆+χ)δℓ

)
,

Y2,M =

(
β̄−β+

√
2η(α+β+ γ)+ (α−β+ γ)2 + η2 +(∆+χ)δℓ

(
2(β̄−β)+ (∆+χ)δℓ

)
+(∆+χ)δℓ

)
> 0.

Since Q′(θ) = 0 if and only if ∆= ∆̄, provided that β̄−β ̸= 0, the sign of Q′(θ) depends solely on the sign

of (β̄−β). We therefore consider the following cases:

Case 1: If β < β̄ = α+ γ+ η, then Q(θ) monotonically increases.

Case 2: If β = β̄, then Q(θ) is a constant.

Case 3: If β > β̄, then Q(θ) monotonically decreases.

From the three cases above, it follows that D′
D,M(θ) = 0 has at most one solution when β ̸= β̄.

Next, we analyze each of the above cases.

Case 1. When β < β̄, thenQ′(θ)> 0 soQ(θ) is increasing. In this case, we have X1,Y1,M < 0 and X2,Y2,M >

0. Thus, the sign of Q(θ = 0) and Q(θ = 1) also depends on the sign of (χδh − (∆+χ)δℓ). There could be

two cases:

Case 1.1. When ∆< ∆̄, we have Q(θ= 0),Q(θ= 1)< 0. Thus D′
D,M(θ)< 0 and θ∗ = 1.

Case 1.2. When ∆> ∆̄, we have Q(θ= 0),Q(θ= 1)> 0. Thus, D′
D,M(θ)> 0 and θ∗ = 0.

Case 2. When β = β̄, then Q(θ) is reduced to −8αη2Λ(α+ γ + η) (χδh − (∆+χ)δℓ). There could be two

cases:

Case 2.1. When ∆< ∆̄, we have Q(θ)< 0. Thus, D′
D,M(θ)< 0 and θ∗ = 1.

Case 2.2. When ∆> ∆̄, we have Q(θ)> 0. Thus, D′
D,M(θ)> 0 and θ∗ = 0.

Case 3. When β > β̄, Q′(θ)< 0 and thus Q(θ) is decreasing. There could be three cases:

Case 3.1. When Q(θ= 0)≤ 0:

Case 3.1.1. When ∆ < ∆̄ and X1 < 0 (i.e., (β̄ − β)2 + 4βη + 2χδh(β̄ − β) > 0 ⇔ δh < δ̄), we have

Q(θ)< 0 for all θ ∈ [0,1]. Thus, D′
D,M(θ)< 0 and θ∗ = 1.

Case 3.1.2. When ∆ > ∆̄ and X1 > 0 (i.e., (β̄ − β)2 + 4βη + 2χδh(β̄ − β) < 0 ⇔ δh > δ̄), we have

Q(θ)< 0 for all θ ∈ [0,1]. Thus, D′
D,M(θ)< 0 and θ∗ = 1.

Case 3.1.3. When X1 = 0 (i.e., (β̄−β)2+4βη+2χδh(β̄−β) = 0⇔ δh = δ̄), we have Q(θ= 0) = 0 and

Q(θ)< 0 for all θ ∈ (0,1]. Thus, θ∗ = 1.
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Case 3.2. When Q(θ = 0)> 0 and Q(θ = 1)< 0, then DD,M(θ) first increases and then decreases over

the interval [0,1]:

Case 3.2.1. When ∆< ∆̄, X1 > 0 (i.e., (β̄−β)2+4βη+2χδh(β̄−β)< 0⇔ δh > δ̄) and Y1,M < 0 (i.e.,

(β̄ − β)2 + 4βη + 2(χ+∆)δℓ(β̄ − β) > 0⇔ δℓ < δ̄M), θ∗ = argminθ∈{0,1}DD,M(θ) because, in this case, the

optimal solution exists only on the boundaries.

Case 3.2.2. When ∆> ∆̄, X1 < 0 (i.e., (β̄−β)2+4βη+2χδh(β̄−β)> 0⇔ δh < δ̄) and Y1,M > 0 (i.e.,

(β̄ − β)2 + 4βη + 2(χ+∆)δℓ(β̄ − β) < 0⇔ δℓ > δ̄M), θ∗ = argminθ∈{0,1}DD,M(θ) because, in this case, the

optimal solution exists only on the boundaries.

Note that when DD,M(θ= 0) =DD,M(θ= 1), we set θ∗ = 0 for convenience.

Case 3.3. When Q(θ= 1)≥ 0:

Case 3.3.1. When ∆< ∆̄ and Y1,M > 0 (i.e., (β̄ − β)2 +4βη+2(χ+∆)δℓ(β̄ − β)< 0⇔ δℓ > δ̄M), we

have Q(θ)> 0 for all θ ∈ [0,1]. Thus, D′
D,M(θ)< 0 and θ∗ = 0.

Case 3.3.2. When ∆> ∆̄ and Y1,M < 0 (i.e., (β̄ − β)2 +4βη+2(χ+∆)δℓ(β̄ − β)> 0⇔ δℓ < δ̄M), we

have Q(θ)> 0 for all θ ∈ [0,1]. Thus, D′
D,M(θ)< 0 and θ∗ = 0.

Case 3.3.3. When Y1,M = 0 (i.e., (β̄− β)2 +4βη+2(χ+∆)δℓ(β̄− β) = 0⇔ δℓ = δ̄M), we have Q(θ=

1) = 0 and Q(θ)> 0 for all θ ∈ (0,1]. Thus, θ∗ = 0.

Collecting the conditions under which θ∗ = 1 and θ∗ = 0 yields the desired characterization stated. Q.E.D.

Proof of Theorem EC.1.1. The full expression of Dm
D (θ) is

Dm
D (θ) =

2ηΛ(δh(χ− θχ)+ θχδℓ)

ρ+
√
ρ2 +4βηΛ(α+ δh(χ− θχ)+ θχδℓ)

,

and

D′m
D (θ) =

P(θ)(
ρ+

√
ρ2 +4βηΛ(α+ δh(χ− θχ)+ θχδℓ)

)2 ,
where

P(θ) =− 2ηΛχ (δh − δℓ)
(
ρ+

√
ρ2 +4βηΛ(α+χ(θδℓ +(1− θ)δh))

)
+2ηΛχ (δh − δℓ)

(
χ(θδℓ +(1− θ)δh)

(
η+α+

βΛ(η−α)+α(α+ η)(α+ γ+ η)+χ(α+ η)2(θδℓ +(1− θ)δh)√
ρ2 +4βηΛ(α+χ(θδℓ +(1− θ)δh))

))
.

Additionally, we have

P(θ= 0) = 2ηΛχ(δh − δℓ)(Vh −Uh), P(θ= 1) = 2ηΛχ(δh − δℓ)(Vℓ −Uℓ), and

P ′(θ) =
8αβη2Λ2χ3 (δh − δℓ)

2 ((1− θ)δh + θδℓ) (αγ−βΛ+ γη)

(ρ2 +4βηΛ(α+ δh(χ− θχ)+ θχδℓ)) 3/2
.

Note that the sign of P ′(θ) only depends on the sign of (αγ − βΛ+ γη) because both the denominator of

P ′(θ) and 8αβη2Λ2χ3 (δh − δℓ)
2 ((1− θ)δh + θδℓ) are all greater than 0. We, therefore, consider the following

cases:

Case 1: If βΛ<αγ+ γη, then P(θ) monotonically increases.

Case 2: If βΛ= αγ+ γη, then P(θ) is a constant.

Case 3: If βΛ>αγ+ γη, then P(θ) monotonically decreases.
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From the above three cases, we know that D′m
D (θ) = 0 has at most one solution when βΛ ̸= αγ+ γη.

Next, we analyze each of the above cases.

Case 1. When βΛ<αγ+ γη, we first define

A= α(α+ γ+ η), C = βΛ(η−α)+α(α+ η)(α+ γ+ η),

E =
√
α2(α+ γ+ η)2 − 2αβΛ(α+ γ− η)+β2Λ2 +χδℓ (2βΛ(η−α)+ 2α(α+ η)(α+ γ+ η)+χ(α+ η)2δℓ),

F = χδℓ (2βΛ(η−α)+ 2α(α+ η)(α+ γ+ η)+χδℓ((α+ η)(α+ γ+ η)−βΛ))

= χδℓ (2C+χδℓ((α+ η)(α+ γ+ η)−βΛ)) .

Note that C > 0 because C > (αγ+ γη)(η−α)+α(α+ η)(α+ γ+ η) = (α+ η) (α2 +αη+ γη)> 0 when α> η

and C must be more than 0 when α≤ η. Additionally, we have F > 0 because

F >χδℓ (2C+χδℓ((α+ η)(α+ γ+ η)− γ(α+ η))) = χδℓ
(
2C+χδℓ(α+ η)2

)
> 0.

Next, we have

Vℓ −Uℓ =
−(A−βΛ)2 +(βΛ−A)E −χδℓC − 4αβΛη√

(α(α+ γ+ η)−βΛ+χ(α+ η)δℓ) 2 +4βηΛ(α+χδℓ)
.

Since −(A−βΛ)2 −χδℓC − 4αβΛη < 0 and(
−(A−βΛ)2 −χδℓC − 4αβΛη

)2 − ((βΛ−A)E)2

=4αβηΛ
(
α2(α+ γ+ η)2 − 2αβΛ(α+ γ− η)+β2Λ2 +F

)
=4αβηΛ

(
α2(α+ γ+ η)2 − 2αβΛ(α+ γ+ η)+β2Λ2 +4αβΛη+F

)
=4αβηΛ

(
(A−βΛ)2 +4αβΛη+F

)
> 0,

we obtain that Vℓ −Uℓ < 0 and thus, P(θ= 1)< 0. Consequently, D′m
D (θ)< 0 and θ∗ = 1.

Case 2: When βΛ= αγ+ γη, then P (θ) can be reduced to

P(θ) =−4ηΛχ(α+ η)α (δh − δℓ)< 0.

Thus, D′m
D (θ)< 0 and θ∗ = 1.

Case 3: When βΛ>αγ+ γη:

Case 3.1: When P(θ= 1)≥ 0 (i.e., Vℓ ≥Uℓ), then P(θ)≥ 0 for θ ∈ [0,1]. Thus, D′m
D (θ)≥ 0 and θ∗ = 0.

Case 3.2: When P(θ= 0)> 0 and P(θ= 1)< 0 (i.e., Vℓ < Uℓ and Vh > Uh), then P(θ) has a unique root

between 0 and 1, which means that Dm
M(θ) first increases and then decrease over the interval [0,1]. Thus,

θ∗ = argminθ∈{0,1}Dm
M(θ) considering that the optimal solution can only exist on the boundaries. Note that

when Dm
M(θ= 0) =Dm

M(θ= 1), we set θ∗ = 0 for convenience.

Case 3.3: When P(θ= 0)≤ 0 (i.e., Vh ≤Uh), then P (θ)≤ 0 for θ ∈ [0,1]. Thus, D′m
D (θ)≤ 0 and θ∗ = 1.

Collecting the conditions under which θ∗ = 1 and θ∗ = 0 yields the desired characterization stated. Q.E.D.

Proof of Proposition EC.3.1. In (EC.6.7), we have obtained

DD,M =
2ηΛ((1− θ)χδh + θ(∆+χ)δℓ)

−(θ− 1)χ(α+2η)δh +α (α−β+ γ+ η+ΩM)+ θ(α+2η)(∆+χ)δℓ
,

where

ΩM =
√
(β̄−β+χ(1− θ)δh +(χ+∆)θδℓ)2 +4βη.



ec13

For a fixed θ, we have

D′
D,M(∆) =

L(∆)

ΩM

(
−(θ− 1)χ(α+2η)δh +α

(
β̄−β+ΩM

)
+ θ(α+2η)(∆+χ)δℓ

)
2
,

where

L(∆) = 2αηθΛδℓ (θχδh −χδh +ΩM −∆θδℓ − θχδℓ)
(
β̄−β− θχδh +χδh +ΩM +∆θδℓ + θχδℓ

)
.

Next, we have

L′(∆) =
2αηθ2Λδ2ℓ (β̄−β)

(
β̄−β− θχδh +χδh +ΩM +∆θδℓ + θχδℓ

)
ΩM

.

Note that
(
β̄−β− θχδh +χδh +ΩM +∆θδℓ + θχδℓ

)
> 0, and thus the sign of L′(∆) only depends on the sign

of (β̄−β). We, therefore, consider the following cases:

Case 1: If β ≤ β̄, then L(∆) monotonically increases.

Case 2: If β > β̄, then L(∆) monotonically decreases.

From the above two cases, we know that D′
D,M(∆) = 0 has at most one solution when β ̸= β̄. Next, we analyze

each of the above cases.

Case 1. When β ≤ β̄, there are two cases.

Case 1.1. When β < β̄, it is easy to check that (θχδh −χδh +ΩM −∆θδℓ − θχδℓ) > 0. Thus L(∆) > 0

and then D′
D,M(∆)> 0.

Case 1.2. When β = β̄, L(∆) is reduced to 8αη2θΛδℓ(α+ γ+ η)> 0. Then D′
D,M(∆)> 0 .

Thus, when β ≤ β̄, D′
D,M(∆)> 0 .

Case 2. When β > β̄, we have

lim
∆→0

L(∆) = 2αηθΛδℓT1T3,

where

T1 = (θ− 1)χδh + T2 − θχδℓ,

T3 = β̄−β+ δh(χ− θχ)+ T2 + θχδℓ > 0,

T2 =
√

(β̄−β+χ(1− θ)δh +χθδℓ)2 +4βη > 0.

There are two cases.

Case 2.1. When T1 ≤ 0, L(∆)< 0 for ∆∈ [0,+∞). Thus, D′
D,M(∆)< 0.

Case 2.2. When T1 > 0, let (θχδh −χδh +ΩM −∆θδℓ − θχδℓ) = 0, we have a solution

∆∗ =
2η(α+β+ γ)+ (α−β+ γ)2 + η2 − 2χ(α−β+ γ+ η) ((θ− 1)δh − θδℓ)

2θδℓ(β−α− γ− η)
> 0.

Note that when T1 > 0, we have 2η(α+ β + γ) + (α− β + γ)2 + η2 − 2χ(α− β + γ + η) ((θ− 1)δh − θδℓ)> 0.

This is because we need to ensure that

(T2)
2− ((1− θ)χδh + θχδℓ)

2 > 0⇒ 2η(α+β+ γ)+ (α−β+ γ)2+ η2− 2χ(α−β+ γ+ η) ((θ− 1)δh − θδℓ)> 0.

Thus, D′
D,M(∆)> 0 when ∆∈ (0,∆∗] and D′

D,M(∆)< 0 when ∆>∆∗.

Q.E.D.
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